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ABSTRACT

Ray has found an approximate first integral for
the motion of charged particles in static magnetic fields
not necessarily displaying axial symmetry. This involves
a canonical transformation to a new set of coordinates,
one of which is approximately ignorable.

In field models which approximately preserve this
new kind of symmetry, of which the geomagnetic field is
an example, a perturbation technique is here employed to
derive an improved version Ray's first integral. In the
technique, conservation of energy, adiabatic invariance
of the magnetic moment, Ray's first integral, and the
slow drift motion of the particles under consideration
are used as the zeroth order solution. The resulting
quadrature predicts the splitting of magnetic shells
in field models which do not display axial symmetry.

This result was first suggested by Stone but is unsatis-

o+

facto i'l___y decrrihed by +the MeTlwain "TH

™o
UL A B 5" A ¥ L i R DA A B O w3 ~Mog o o wiic 4 LSS I i ) So S B 4 4 pa

models of the earth's field which are severely distorted
because of the "Solar Wind Plasma". The improved first
integral is further used to derive a new method for
calculating Cosmic Ray cutoffs at the surface of the
earth. This method replaces the traditional Stdrmer

theory and its refinements put forward by other authors.

xiii.



INTRODUCTION

A-Charged Particle Motion

It is a most elementary fact that the motion of
a charged particle in a uniform magnetostatic field
is a helix. The component of the velocity parallel to
the field remains constant while the transverse velocity

components gyrate harmonically with (in cgs units) a

"Larmour Frequency" %%, g being the charge, B the magnetic
2. _

field, m the relativistic mass m (1 - Xﬁ) 1/2 and ¢ the
c

speed of light. The speed and, therefore, the energy

of such a particle is constant. The radius of gyration

of "Larmour Radius Vector" is given by ﬁk =%§§i§?3

and points from the particle to a ficticious point

called the "guiding center of motion". 1In this case,

it is simply the center of the circle. As the field

model becomes more complicated, such as the addition of
transverse & field, or the addition of a slight transverse
magnetic field gradient or gravitational force, or a
curvature of the field lines or slight time variation

in the fields, we find that the mathematical’” solution of
the trajectories still suggests the facility of a "guiding
center concept" provided that a "drift velocity" is now

introduced. This drift is in a direction mutually

perpendicular to both the magnetic field direction and



E (or VB, g, ... etc.). The necessary and sufficient
conditions for the continued validity of such a concept

is that the energy of the charged particle be sufficiently
low. When we consider a field whose lines of force converge,
the larmour radius and hence the transverse veloclty
components increase (as well as the "Larmour Frequency')
at the expense of the velocity parallel to the field

since the energy is conserved. When all the parallel
velocity is expired, the particle is said to "mirror"

or reverse its spiraling motion then moving toward

more sparse fields while its guiding center approximately

remains on the same line of force as where it mirrored.

B-Adiabatic Invariants

Associated with this so-called ”Alfen Motion" are
a few approximate first integrals or adilabatic invariants
of motion.33

The most important, and hardest to destroy, (as
the particle'; energy is increased) is the "Magnetic

Moment", w = W being the energy of the transverse

'§3
motion. This invariance rests on the fact that the
gyrating particle produces a dipole (or magnitude
current times area of larmour circle) which moves with
the guiding center of the trajectory.

The second approximate invariant, which is related

to the "action" of the parallel motion along the magnetic

field, is given by J = §p d4. It states that the guiding




3.

center will be restricted to that set of lines of force
where this "Integral Invariant" is conserved. The
integral is performed along a line of force between
"conjugate mirror points'. This gives rise to the
magnetic shells which will be discussed in the next
section.

There exists another approximate "flux" invariant

which will not be used in this thesis.

C-Magnetic Shells

Shortly after the first ionospheric rockets were
sent aloft, it was discovered that the earth's field
caused "trapping'" of energetic charged particles. The
mechanism of such trapping was clear from the trajectories
of charged particles in, what was thought to be, an
approximate dipole field.1 Because of the above mentioned
adiabatic invariants, the motion of trapped particles was
suggested54 to be Alf%h motion. This consists of the
particle gyrating about the guiding center while it
"bounces" between "conjugate mirror points" and slowly
drifts carrying the guiding center from line of force
to line of force such that its integral invariant, J,
is conserved. The surface generated by this set of
lines of force is called a "magnetic shell". McIlwain realized
that a convenient parameter for labeling these shells is

the equatorial radius of a dipole line of force having




the same integral invariant, J, and magnetic moment, W,
that the actual field gave. This analysis, however,
rested heavily on the fact that the earth's field (from
surface measurements7) was close to that of a dipole.
While this is approximately true near the earth, more
recent satellite measurements have undoubtedly disclosed
that the earth's magnetic field is severely distorted by
its interaction with Solar Corpuscular Radiatioh in the
form of the "Solar Wind Plasma'. This necessitates a
much more accurate label for such shells in these
distorted magnetosphere models.

In this thesis we will give a method for labeling
these Adiabatic Invariant Magnetic Shells with a new
parameter "o" and show how particles with different
energies change the shape of the shells. The analysis
does not depend on the approximate dipole nature of the
earth's field. The resulting surfaces (equation IV-(83))
and their high and low latitude mirror point limits
(equation IV-(84) and IV-(85)) are derived. These
equations are then applied to a simple analytical model
in Section IV, and to numerical models of the magnhetosphere
put forward by Hones15 and Mead.26 In that section plots
are made comparing the shells predicted by J and WK, by
equation IV-(83), (84), and (85), and by the poor

approximation of the McIlwain parameter.




D-Cosmic Ray Cutoffs

51

By a similar error, Stgrmer”~ assumed the earth's
field is dipole in nature. He worked out the motion of

a charged particle in such a field and discovered a

first integral of charged particle motion. From this he was
able to predict cosmic ray cutoffs (the rigidity below

which particles are not energetic enough to reach the

earth from infinity). Further corrections were made to

his theoryl7’ 18, 2

producing better but still not
completely accurate predictions.

In Section V of this thesis we work out a further
correction to a new cutoff theory first put forward by

28

Ray. The resulting "Vertical Cutoff Rigidty" is

given by the equation V-(41). This result is then
applied to the Finch and Leaton7 model of the earth's
field in section VII. The numerical results are then

compared to those previously predicted by Ray, Shea, and

Dropkin at the same observation points.

E-Expansion Parameters

In the following thesis perturbation theory
computations will be made on the assumption that (a)
The geomagnetic field i1s approximately independent of B;
(b) The Magnetic Moment, i, is approximately an adiabatic
invariant of motionj; (c) .Trapped Radiation moves in such
a way that the additional "Integral Invariant-J", is an

approximate adiabatic invariant of motion while the actual




trajectory is closely approximated by Alfen motion.
That the assumption (a) is correct, in a rather
broad sense, is phenominological in that the theory,

38

worked out in the zeroth order, predicts, reasonably
accurately, the measurable results of trapped particle-
magnetic shells and cosmic ray cutoffs. The higher order
correction performed in this thesis predicts, even more
accurately, these same phenomena. The validity of (b)
is very accurate in the light of Northrup and Teller‘s34
famous paper on adiabatic invariants. It is pointed
out in that paper that this is the most difficult invariant
to destroy for motion of charged particles in the geomagnetic
field. Again, from Northrup and Teller34 and Alfenl the
motion of trapped radiation, when the energy of the
particles is sufficiently low, is very well approximated
by a "spiraling" around a line of force, and a bouncing
and drift motion of the particles guiding center. Only
when we get to energies of the order of "bev" does the
Integral Invariant and guiding center concept no longer
have meaning.

Expansion parameters would have the form of:
(the B-dependent portions of field variables)/(the total

field variable); so that as the field becomes symmetric

in B as this ratio approaches zero.




(II) REVIEW OF PREVIOUS WORK

A- Description of the Field

A magnetostatic field may be described in the
following manner (see Brand® for instance). One may
always add the gradient of a scalar function to the
vector potential describing the magnetic field without
destroying any properties which are measurable. If
this scalar function 1s selected properly, we may
construct a new vector potential which satisfies the

gauge (see Appendix III)
R.B=%-(VxB)=0 . (1)

This 1s the well known condition that the differential form
—_—

2+ . o > _ dB . .
A - dl (where dl = TT) possesses an integrating factor

a. It then follows
ﬁ = ayB (2)

where o and B8 are independent scalar functions.
Since Vx (VB) = 0, the magnetic field may now be

expressed as
B=Va xVs . (3)

Furthermore, if we consider only those fields in
which spacial currents are everywhere perpendicular to'ﬁ,

we have



B.-J=F-(VxB)=0 ()

and by the same argument leading to (2), we may express

—

B as

B=uvVv (5)

In harmonic fields, we may select @ = constant,
with no loss of generality, in which case "V" may be
interpreted as the magnetic scalar potential.

Furthermore, from (3) we have
B: Ya=B-VB=0 . (6)

In differential form, this may be written as

—_— —_—

Vo - dl = VB - @ =0 (7)
which implies

K=L=0 . (8)
That is, the functions a and B are constant along lines
of force of the magnetic field. Furthermore, (6) implies
that YV is perpendicular to both VYa and VP, ergo, V
is a scalar function independent of both a and B.

The scalar functions a, B, V describing the field
are not unique. For instance, one description of the
field a, B, V may give a non-vanishing dot product

Va - VB ¥ 0, while a point transformation




.
.3

a' =a'(a, B, V)
p' = B'(G, BJ V) (9)

V! B, V)

]
<
°

to a new set of functions a', B', V', which describe
the same magnetic field, may give a vanishing dot
product Ya' . {YB' = 0. A proof of this, derived
by the author, for all fields which vary in two directions
only, can be found in Appendix VI.

Geometrically a, B, and V surfaces would appear
as shown in figure 1. "V" is a measure of "distance"
along lines of force. We may select "a" to be a measure
of distance from the source of the field (eg. a dipole

at the origin) in which case "B" will be related to a

measure of azimuth.

B- A Spherical Harmonic Description of the Earth's Field

The magnetic scalar potential describing the
geomagnetic field may be expressed a spherical harmonic

6:7:26:28

expansion

a h+l
v(F,0,d) = r, Zl[(-i—) Tn»(e,¢)+(?n)Tn(@,¢z‘ (10)

where Te is the radius of the earth in kilometers, r is

the radial distance from the center of the earth expressed



Surface of constant "a

Surface of constant
' at v 11]

10.
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11.

in earth-radii, © is the colatitude, ¢ is the azimuth
and V(r,e,f) is the magnetic scalar potential expressed
in gauss-kilometers. T,  and T in (10) represent the
components of the field due to internal and external

sources of the field, respectively. They are given by

Tn(9,¢) = g} [g;nl cos(m¢)+h¥l1 sin(me)] Pn’m(cosg)

(11)
n
= —m =m _.
T, (6.¥) = £=é [gn cos (m#)+h 51n(m¢§] Pn’m(cosg)
where Pn m(cosO) are the Schmidt-Normalized associated
2
Legendre Polymonials and are defined in terms of the
conventional Legendre Func¢tions as follows
1/2
12 (n-m L m
Pn’m(cosg) = [ T é} Pn(cosO) m>» O
(12)
P, o(cos8) = Pn(cosO)

-7

where Pn(cosQ) are the Legendre Functions defined by31

1 g jcosgg - 1)
n

P_(cos9) =
n 2°n! d(cose)™

(13)

while Pﬁ(cos@) are the associated Legendre Functions

defined byBl

. m n-+m 2 n
e d 0 - 1
P(cos0) = Sin (cos © - 1) L)
2"n! d(cose)



12.

m

The coefficients gﬁ s hn s

—m —m
gn R hn are known as

m m

the "Gauss Coefficients". g, » h, are a measure of the

sources which reside inside the earth while gﬁ , Eﬁ
arise from sources external to the earth's surface.
A1l coefficients are measured 1n gauss.

The magnetic field is obtained from (10) by taking

its positive gradient.

B(r,0,¥) = VV(r,0,8) . (15)

Hence the components of the magnetic field become

B (F,0,9) = Zl [ %%% T (6.¢) +n F7F 'T_D(Q,ilﬂ
By (%,9,9) = Z:_I\ _%JF_E u_(0,9) + 1 T _(e,9) (16)
B¢(f:@:¢) = HZ;L L# Vn(9,¢) + ?n_l vn(@:¢)




13.

n
— — dP_  (cose)
m mo_. n,m

U (6,¢) = é L%n cos(mff) + h sin(nd)l 55

m=0 -

n — —

dP_  (cos®)

- ~m =m . n,m
Un(@,ﬁ) = E g, cos(mg) + . sin(nf) 3

m=0 - (17)

n o 0 Pn,m(cos@)
Vn(9,¢) = E -m g, sin(mg) + h cos(méﬂ S5

m=0
. c R - P rn(cos@)

3 _oo=m r !

v, (6,F) = m g, sin(mg) + m b cos(md) RN

m=0 = -

dP  (cose)
The Pn m(cos@) and the dQ’- have been calculated
2

for the first 48 functions and appear in Appendix VII.

m m y +m
, b, 22, 7Y are

In addition the coefficients, g, n gn > 0

tabulated in Appendix VIII for the field models of Honesl5,
T

Mead26, Finch and Leaton

geomagnetic coordinates) and

)
the Finch and Leaton field (geographic coordinates).

[oF

Since it is convenient to have the Finch an
Leaton fiéld in geomagnetic coordinates also, the
following transformation was performed by the author.
The rotation relating geographic (unprimed) and geomagnetic
(primed) céordinates are given by T' =7, 6' = 6'(0,¢),
and ¢' = ¢'(6,d). Placing this into equation (10) we

have, by the theorem of "completeness"

V' o= V' (F,00,0) = V(T,01(6,¢),8(6,F)) = V(F,0,¢) =V
(18)



14,

Equating coefficients of equal powers of r in (18) we
obtain six sets of linear equations relating the g‘ﬁ ’
h'ﬁ to the gﬁ s hﬁ which may be solved for the new set
of coefficients. The calculations were performed on
the Control Data 1604 computer giving the resulting

Gaussian coefficients appearing in Appendix VIII.

C- The Lagrangian

The Lagrangian of the motion of a charged particle

under the influence of a static magnetic field is given

by
I =2V +-2L7v .8
2 C
where (19)
2
_ \Y -1/2
m = mo(l - 25 )

is the relativistic mass, V is the velocity and B is the
vector potential of the field. For the static magnetic
field, the validity of (19) for relativistic particles
is proven in Appendix I. The only proviso that must be
kept in mind when deriving the Lagrange equations from
(19) is that the mass m must be considered a constant

and not differentiated.
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D- The Transformed Lagrangian and Associated Equations

of Motion

The independence of a, B, V has been utilized by
Raysgwho has suggested that these coordinates be chosen
as a new set of spatial coordinates for describing
charged particle motion in a static magnetic field.
The utility of such a transformation will become evident
shortly.

38

Following Ray” , we make a point transformation

on the spherical (or cartesian) to the a, B, V system, ie:

x = x(a, B, V)
y =y(a, B, V) (20)
z = z(a, B, V)

The canonically conjugate velocities are then
(see Appendix II) expressible as

x = x(a, B, V; d, é, Q)

y = y(a, B, Vs a, B, V) (21)

z(a, B, V; c.z, B, \.7)

zZ

The Lagrangian (19) may then be transformed to the

new canonical coordinates (see Appendix II).

% 2 2
o . - m ‘VE\ ez IV T 2 _ l(Val-V )c . q .
LEp v 26,0 - z[ RS - —e?—&*f”] TP @

where, again "m" is the constant relativistic mass mJY s




16.

while Vo , VB , and B are all functions of a, B, and
V only.
The equations of motion corresponding to (22) are

now the set of Lagrange's equations

SYCL R S (23)

d

= (a"t) -%gt—=0 (24)

d oL _

@ () - =0 (23)
subject to the initial conditions Qs BO, Vo’ do’ éo’ vo

E- First Integrals

One obvious first integral of (23) - (25) is the
conservation of energy. This is clear from the fact

that the Lagrangian, and thus the Hamiltonian, does not

explicitly depend on the time and is therefore conserved, ie:

E = constant . (26)

We may now replace any one of the equations (23) -
(25) by the first integral (26). The set of equations

determining the motion of the charged particle then becomes

E = (pgc2 + micq)l/2 - m062 = constant (27)
S G - - (28)
N (29)

e .
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Whenever the rigidity is sufficiently low (the
rigidity is defined as R= 2%9) equations (27) - (29)
may be combined to yield another approximate constant of

the motion known as the magnetic moment "u". Once again

we may replace (28) by this first integral yielding the

description of the particle motion as

E = (p202 + m2 4)]'/2 m002 = constant (30)
2
138 _ W, cant (31)
no= = —— = constan
5m B B
o
d QX oX
( ) 0.
o o — . (32)
note: | P = mv
A
p2
-+~
W, = 2m

F- A New First Integral

Consider equation (32). First let us calculate

%gL and %%L- . We have from (22)
IVd\
EHES SRR Al

-2 g (e By g é] (33)

and
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al +

ol

a . (34)
Clearly, a sufficient set of conditions for gEL
vanish in (33) is the independence from B of \Vcd,
(VB| Va : Vﬁh \Va,x vel . The restrictions this

places on.the form of the magneflc field 1is derlved by
the author in Section VIIT.

When, in fact, 52; = 0 we have a new first integral
of the form derived by Stﬁrmer.5l

Suppose that we consider a magnetic field of such
a form that, when we define o as a particular function
(constant along lines of forcé) and construct the
corresponding B from the solution of the P.D.E. (3), we
rind Vo, |Vel, (Von . V@, \\7(1 x VB|, are approximately
independent of B. It follows, from (32), that pB is
correspondingly "approximately" conserved. It was in

28

this way that Ray showed that, for the earth's field,

we have a new approximate Stgrmer first integral

2
M é - _(—O('_V_B) & + ﬂo(—_— 2% V = constant

B B° ¢
(35)
The special case of the set of all axial symmetric

harmonic fields give rise to the Stdrmer Integral (35),

exactly. For such fields we may always choose

Q
N

r sin 6 Aﬁ(r,@) (36)

g (37)

™
i
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Taking the gradient of (36) and (37) we find, in fact,
that \Val , \Vel, @a . Vﬁ) B are all B-independent,
ergo, we have an exact first integral.

It is intuitively obvious that fields which display
a close to axial symmetry, also exhibit an approximate
Stdrmer Integral. The geomagnetic field is such a case.
The model determined by surface measurements of the
magnetic field lead to a spherical harmonic expansion
involving only inverse powers of the radial distance from
the center of the earth. The "Gaussian" coefficients of
such an expansion have been determined by several inves-
tigators (see, for example, Finch and Leaton7). The
most important property of such an expansion is that the
leading term, the dipole term, is axially symmetric and
very large compared to subsequent terms. This naturally
suggests the field displays an approximate axial symmetry,
a sufficient condition for the existence of an approximate

Stdrmer Integral.

Other models of the earth's fieldst» 15, 26, 27, 28, 30

determined from satellite measurements and theoretical

considerations, give rise to a spherical harmonic

expansion which includes positive powers of the radial distance

from the earth (due to external sources, eg: ring
currents, solar wind interface currents) in addition to
the inverse powers of radial distance which arise from

internal sources (molten iron motion) within the earth.
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These models demonstrate a highly non-axial symmetric
field in the shape of, crudely, a paraboloid with its
axis of symmetry passing through the sun. This cavity,
formed by the interaction of the "solar winds" charged

particle nature and the earth's magnetic field forms a

cavity which is generally referred to as the magnetosphere.

Even though these models display a vast divergence from
axial symmetry, Ray38 has pointed out that corrections
may be added on to the approximate first integral (25)
to make it applicable to trapped radiation and cosmic

ray motion in the magnetosphere.

G- Trapped Radiation

(i) Adiabatic Invariants of Motion

Trapped radiation of sufficiently low rigidity
will display two important adiabatic invariants of motion.
The first is known as the "magnetic moment", W, and

the second is known as the "Integral Invariant', J.

The magnetic moment is given by35
2
By
W= om B (38)
transverse
where p, 1s the particle'sYrelativistic momentum, m_ is

o}
its rest mass, and B is the magnitude of the magnetic

field at its guiding center of motion. The magnetic
field is assumed constant over the Larmour radius of
the gyrating particle. The trapped particle therefore

behaves like a tiny dipole of magnitude "u'" moving in a
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stronger magnetic field.
In a static magnetic field (p = constant) the

following integral 1s conserved at the guiding center

of trapped radiation.33
1,(B,)
1=z3 =f By =2 5 (1 - B/Bm)l/2d1 (39)
11 (B,)

where p 1s the relativistic momentum, B is the magnetic
field, B, is the magnetic field at the "mirror point",
and the integral is to be performed along a line of
force, upon which the trapped particle's guiding center
resides, from the lower mirror point, ll(Bm)’ to mirror
upper point, lE(Bm)'

(ii) A New Adiabatic Invariant

A1l models of the geomagnetic field are assumed
independent of time. This implies that the functions

a, B and V do not explicitly depend on the time, ie:

S _ 3B _ W _
SE=35t ot - © (0)

so that the total time derivatives of a, B and V become

& =%v -+ Va
p=v- Ve

vV=v.Vv=2L_-B
m . (41)
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Placing (41) in (35), following Ray38, we have

2 X a ¢ -~

+ a =2y (k2)

Using some vector algebra and (3), we may transform

(42) to the following form

a+gc- Va =2y (43)

where ”gé" is the Larmous radius of the particle pointing

from the particle to the guiding center, (see figure 2) ie:

a.= ——ﬁ———lgc VB;( B (4h)

and all lengths in (43) have been expressed in Stgrmer

units which is the unit length c EE(M/R)I/Q; "M" being

the dipole moment of the earth (in gauss—kilometersZ)
and "R" is the particleg rigidity expressed in gauss-
kilometers.

If the rigidity of the particle is sufficiently
low (ie: low energy), then ”ac” is also small as a con-
sequence. Under these clrcumstances, we may interpret
(43) as the first two terms of a Taylor expansion of a

about the position of the particle and determined at the

particle's guiding center. If we call the value of a
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at the particle's guiding center Ay then (43) implies,

for these low-rigidity particles, that

IR

a 2y = constant . (45)

c
That is, the guiding center of such a particle will
approximately travel on a surface of constant "a'.

Since a is defined constant along lines of force
and it{is an approximate constant of motion at the guiding
center of particles of low rigidity, it serves the same
function of describing the "invariant shells" of trapped

particle radiation as doesg the McTlwain=2 "L

parameter.
In fact, in the case of a dipole field it is easily

shown38 that "a" is related to "L" by

a=1 . (46)

The advantage of using "a" instead of "L'" is that it

may be chosen as a function of the magnetic field only,

and does not depend in any way on the properties of

charged particle motion. For any specific field model

we may proceed to map a - constant surfaces never making

mention of the particle trajectories. In fact, Jjust

such a mapping has been done for the Finch and Leaton

model of the magnetic field of the earth by Stern.49
(45) was arrived at by assuming g%L-= O which,

in fact, is not the case for models of the earth's field.

As a manifestation of this, the phenomena of "shell splitting"
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(discussed in next section) has been neglected in
(45). This necessitates carrying out the new first
integral to one higher order of approximation.

(1ii) (I,BT) Invariant Magnetic Shells

Particles with sufficiently low rigidities

satisfying the conditions for use of the Adiabatic Invariants, (38)

(39)3can be described as having their guiding centers lie
on shells described by the label (I, B ). The description
in terms of ”Bm” arises from the invariance of the
magnetic moment during the entire motion of the par-

ticle and, in particular, at the mirror point where

P1 = D"

Physically, the Invariant Shells arise from the
fact that the motion of a trapped particle is a spiral
about its guiding center (of magnitude equal to the
Larmour Radius) while the guiding center "bounces'" along
a line of force from mirror point tc mirror point while
slowly drifting perpendicular to both the direction of
the magnetic field and its gradient.l

If we had assumed that the earth was a pure dipole,
two particles having different mirror points but starting
on the same line of force would both remain on the same
invariant shell21 (see figure 3). The surfaces in this
dipole field are generated by sweeping out the surface

generated by swinging a line of force 27 radians in azimuth.

I
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Although both guiding centers of the particles (Il’ B, )
-1
and (I,, B ) reside on the same surface, one sweeps
e
out a larger area of the surface than the other.

The (I, Bm) labelling of shells hence has an
immediate disadvantage of in no way indicating that two
obviously topologically equal shells indeed lie on the
2’ Bmg)
we cannot tell, without actually plotting them for the

same surface. That is, given (I;, B ) and (I
1

particular field model, that they lie on the same surface.

If a small perturbation is now applied to the
dipole field so that it loses its axial symmetry, the
previously "degenerate" shells now "split" as was pointed

50

out by Stone. Referring to figure 4, we see that,
in this case, the two particles whose guiding centers

start on the same line drift in such a way that their

invariant surfaces diverge only meeting along the original

line on which the two started. The "degeneracy" has
now been removed.

(iv) The McIlwain Parameter

Another way of labelling the invariant shells has
been proposed by MCIlwain.25 It has the advantage of
labelling degenerate shells uniquely.

If we refer to (39) placing the dipole field in

the right side of the equation, ie:

= M A . A
B = - 3 (2 cose e. + sine eg) (47)
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and integrate it along the dipole line of force

R = Ry sin°® (48

O

we may find an expression relating "I" to B, and Ry .

Te: I=1I(B,R, ) - (29)
O

This is a rather complicated expression which must be
performed on a computer. However, in principle, we may
"invert" (49) to obtain, if only as a numerical table,
the relationship

R. =R, (B ,I . (50)
DO DO m )

We then assume that some function "L" exists which-satisfies
(50) for "I" computed in the actual earth's field (eg: the

Finch and Leaton model)

L = RDO(Bm,I) (51)

where RD is the same numerical function as in (50)
calculatgd using the dipole field. Hence "L" is defined
such that it would be the equitorial radius of a shell
with (I,Bm) had the particle been moving in a dipole
field. (51) defines "L" to be a constant of the motion,
and, further, through McIlwain's use of the computer he
showed that, indeed, "L" is very close to constant along
lines of force of the actual earth's field.

This pleasing method of labelling has two short-
comings, however. First, the functional relationship (51)

is numerical, not analytic, and second, more important,

there is no guarantee that "L" so defined would be constant

.
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along line of force of a field as distorted as the solar
wind cavity.

H- Cosmic Ray Cutoffs

(i) Definition

The "cosmic ray cutoff" at a particular point on
the surface of the earth in a particular direction is
defined as the lowest rigidity particle that may arrive at
that point, in that direction, from a source outside the
earth. The direction of arrival is usually measured with
respect to the zenith. The minimum rigidity arriving vertically
downward along the zenith is known as the "vertical cutoff
rigidity."

(ii) Experiments

Mappings of the cutoffs obtained by experimental
techniques have been tabulated by several authors (see,
for example, References 8,9,10,20,23,24,35,41,44,45,46,52).

The discrepancies between the cosmic ray cutoffs
expected in a pure dipole field (Stgrmer Theory) and the
actual field of the earth were evident from neutron lati-

=0 Skorka45) and at higher

tude surveys (Kodama et.al.,
altitudes by Simpson.)'M Further evidence arising from
measurements of alpha particles was demonstrated by

McDonald,gu and Waddington.51

(1iii) Computer Simulation

Several investigators have calculated the vertical
cutoff rigidities at points at the surface of the earth

by simulating the trajectories of charged particles in
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a model of the earth's field more detailed than the

dipole (eg. Finch and Leaton).7 The method is simply

the ejection of a particle, with a given rigidity,

along the zenith of that particular point in the simulated
earth's field. . The orbit is then traced. If it 1is
found to return to the surface of the earth, the com-
putation is repeated with a particle of higher rigidity.
This is continued until the particle Just escapes to
infinity. This is the vertical cutoff rigidity for that
point on the earth's surface.l7’l8’32

(iv) Stdrmer Theory of Cosmic Ray Cutoffs

Stga’rmer5l treated a charged particle in a dipole
(47) field. After the equations of motion were set up
and properly transformed to a useful set of coordinates,
in addition to the conservation of energy first integral,
another first integral of motion was found. This was

expressed as, in Stdrmer units,

!

=

sinw = %¥ + (52)

W

r

where R' = r sin ©, "y" is a constant and "w'" is the

angle between vV and the "azimuthally sweeping plane's
normal" which is pointed in the $¢ direction (see
figure 5). Since the energy is conserved for this
static magnetic field, so is the speed "v". Therefore,
(52) is a constraint on the ¢ component of the velocity

in terms of the position of the particle. From this first
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integral Stdrmer was able to show that for a given v,
certain regions of this azimuthally sweeping plane
(rotating with v¢) could not be reached for the values
|sinw| » 1. This separates the plane into "allowed"
and "forbidden'" regions. The bounding curve between
the regions is determined by setting |sinw| = 1 in (52),
while the allowed region is found when |sinw| < 1.
Three typical "Stgrmer" plots are shown in figure 6.
The value of v changes the characteristic shape of the
plots. When v is smaller than 1, the "jaws" of the
figure are open leaving an allowed region which stretches
from o , up the "horns" of the plot to the origin.
For v just equal to 1 the jaws Jjust close, allowing no
trajectory to pass from the "outer" allowed region to
the "inner" allowed region and, hence, not to the origin.
When v is greater than 1 the two allowed regions are
separated by a forbidden region. The case v = 1 1is
called the "critical" value of vy because this is the
condition under which cosmic rays are "cut-off", ie:
cannot hit the surface of the earth. Since the plots
in figure 6 are in Stgrmer units, the radius of the
earth is a circle about the origin whose radius depends
on the particle's rigidity. A superimposed circle 1is
shown in figure 6b.

Placing the value of v = 1 in (52), restoring cgs

units from the Stdrmer units, we obtain an expression
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for the cut-off rigidity at the surface of the earth
(r = r_) as a function of the colatitude (6) and the
impact direction (with respect to the zenith) of the

particle, (w). This is

305 ©
_ M 1 - (1 - sinw sin”9)2
Rout = 2 sin® sinw (53)
e
)
Mo 5 .

where —— = 1.971 x 107 gauss-kilometers.
r
e

(v) Refinements on Stdrmer Theory

Since the dipole approximation of the earth's
field is poor the vertical cutoff rigidities predicted
by Stfrmer theory (eqg.(53) with w = 0) are not completely
accurate. Several methods have therefore been devised
to predict more accurate results.
One technique put forth by Ray and Sauerl‘Lg’43
rested on the fact that the sixth order harmonic expansion
model of the geomagnetic field had the property that it
became, approximately, that of a dipole beyond I earth
radii. A particle emitted along the zenith, with a
given rigidity, was then traced using the properties of
A1fY motion in this "near zone" until it reached 4
earth radii. At this point its velocity and angle

of incidence was computed. This now served as the

initial conditions of a charged particle in a dipole field,
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thus allowing the use of Stdrmer theory to predict the
cutoff.

Another method suggested by Quenby and Webber36
with further refinements given by Quenby and Wenk37
was to treat high and low latitude zones of cosmic ray
impact separately. In the high regions, the actual
field line is traced to the equator (now in the region
where the field is approximately that of a dipole).

At this point the dipole line is found thus giving a
latitude where it intersects the earth, which may now
be used to give an equivalent cutoff rigidity when this
is placed back 1in (53). On the other hand, at low
latitudes, a more complicated analysis is given56 with
the result of an expression for the cutoff that depends
on the actual field components at the point, the dip
angle, and the latitude. The region of validity 1is

a band of 20° about the equator. The region between
the high and low approximations are extrapolated from
the previous results. A further investigation along
this line wag carried out by Makino.g2

(vi) A New Approach to Cutoff Theory

Equation (35) may be written in still another

way
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where everything is expressed in Stdrmer units, and
"Y' is the angle between v and B x Va. This equation
may be restored to cgs units whence we may then solve

for the cutoff rigidity (with ?E = 1), yielding

1
Reug, = — = | ° (55)
M| Ve + Yo  _\wo| cos ¥
a — a2 MB a

Whenever the field is approximately independent
of "B" (55) is a good first approximation to the cutoff
rigidity. However, because of the slight perturbing
effects of a field with "B" dependence, the ”VC”
given in (55), instead of being 1, is somewhat greater
or smaller than 1 depending on the second order correction
that will be worked out in section IV. The field variables
in (55) are all evaluated at the position of the particle
as it impacts the earth's surface. The small correction

in "ycut " will just be sufficient to close the "Jjaws"

of the equivalent Stgrmer plot (see figure 6b).




(III) THE SECOND APPROXIMATION

TO THE LAGRANGE'S EQUATION

A- The New Form of the Lagrange's Eguation

Consider a particle of charge "q" and rest mass

”mo" moving in a static magnetic field which is almost
"B" independent. We showed in section (II) that its
entire motion is described by equations II -(31, 32, 33)

which are repeated below

1

E = (pgc2 + micq)2 - mocg = constant (1)

2

b, Wy
no= 2n B = g~ = constant (2)
d /9o 3
T(SB_I)‘E_{)Bf:O (3)

where "P" is the relativistic momentum of the particle,

' is momentum component per-

"W" is the total energy, "Ei'
pendicular to the magnetic field at that point, and "B"
is the magnetic field at that point. We will now proceed
to correct the first integral II-(35) by the inclusion

of the %%; term in (3) where, previously, it was assumed

a completely PB-independent field. ©Since we are considering

current-free regions of space W = 1 in II-(22). Using
this fact”, we may now take the partial derivative of

II-(22) with respect to B, yielding

37
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my 3 2 2 . .
o -5 FBUZSJ ) & *%ﬁ% ) 67 +TBB<B%) v -
0 & (T8 g (4)
3B Tz )P :

B

Our method of calculating corrections to the
first integral will rest on the application of perturbation
theory. That is, assuming the %%L-term is small, we
will inject the "first order motion" into this correction
term thus yielding higher order corrections to the
resulting equation. This is no more than an iteration
process.

Let us begin by placing II-(41) in (%#). We then

have, placing the result in (3),

O
1l
Q,
ct
—
K
~
1
s

2 2
EE<LZ£QL )7 - )+ AT (E - )7
SENE - B - 2 HTT - (T )| (5)

B- The Perturbation Theory Approach

(1) The First Order Alfén Motion

The first order motion that we will insert in
the right hand side of equation (5) is the so-called
Alfén motion of a charged particle in a magnetic field.
We are tacitly assuming that the energy of particles

under consideration is sufficiently small that the motion
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of these charged particles is a spiralling motion about
a line of force in addition to a "bouncing" motion from
mirror point to mirror point and a drift motion due to
gradients in the magnetic field (Alfénl, Chandrasechar5).

A sufficient condition that must be satisfied for the

Alfen regime to be applicable is that

.
a \V25]

5 (6)

be sufficiently small compared to the nominal value of
"B" over a Larmour circle. .gc is the Larmour radius
defined by II-(44). (Note: "m' in this equation is
the relativistic mass, mov).
Since we are treating particles that satisfy

the Alfén regime, we may, therefore, express the
instantaneous velocity appearing in the perturbation
(the second term of thc right hand side) term of equation
(5) as made up of a parallel and perpendicular component
to the instantaneous magnetic field

V=Yt (7)
where the perpendicular component alone may be broken
into two components, the part due to spiralling and
another part due to the drifting of the particle

-~
\%

Vi = Vp Tt Vot X (8)
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During Alfén motion, the guiding center does not
move significantly during the time associated with a
Larmour cycle so that the rotational speed in (8)
is much larger than that due to the combination of
parallel and drift motion. A typical Larmour cycle of
this particle is then pictured as the path shown in
figure 7. The total guiding center motion and rotational
velocity is then given by, respectively, (as shown in

the figure)

R—v” +VD
_&_;
&= Vyot . (10)

The time interval considered in the figure is

< <
£y 4 £ €ty + Ty (11)

where the Larmour period is

2mTme
- . 12
T/Q qB ( )

(ii) Averaging the Lagrange's Equation Over a

TLarmour Period

We will now proceed to average equation (5) over
the characteristic Larmour period which 1is, in fact,
appropriate for invariant motion. Our procedure will
be to first expand all field variables about the guiding
center and then time average the result over a Larmour

Period.
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Referring to figure 7 let us now Taylor expand

a and B about the guiding center, ¢,

a(x(t),y(t),2(t)) = a_ + T(t) - Va, + o(rA)  (13)
B(x(t),y(t),2(t)) = B, + 7(8) « WB, + () (1¥)

where "\" is a "smallness" parameter and T(t) is the
instantaneous value of the radius wector. The grédients
of (13,), (14) are found, simply by taking derivatives

with respect to x,y,z of (13),(14%) yielding
va(x(t),y(t),z(t)) = va, + a(n) (15)
UB(x(t),y(t),z(t)) = VB, + o(}) (16)

and B is obtained by placing (15),(16) in II-(3)
B

=Va x VB = Vo, x VB, + o(N) = ﬁé + o(N) . (17)

Since the guiding center does not significantly move
during the period of one Larmour cycle, the radius vector
measured from the origin of the local coordinate system
?(t) can be replaced by its projection on the Vo,

=

BC X Vac plane, ie:

T(t)™ a(t) . (18)

Placing (18) in (13) and (14%) and dropping terms of
order "A\" in (13) through (17) we may now proceed to

calculate each of the terms in the second term of the
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right hand side of (5). We have
> dvel®y _Bxwa | olvel?y _ (e * o0 x (T +0(0) o |, +o)[*
B g2 B B (B, + o(n))* B, +ot |2
e
B x Va vB
= Cg (|'2C| ) + o(A)
B, B.
So
3 AwBlZy _ 3 |ve. |
53(‘;5*“) = 3p( 7 ) + () (20)
c
In a similar manner we may calculate
2
lval © Vel
ST = S5 o0y (21)
c
. VB
d [Va vB c
gg( 2 ) = 5—( ) + o(}) (22)
B.
e = §st) + o) (23)

Let us now define the symbol < > t for the time
X
average over a Larmour cycle as

<Q>‘rz_-

t +TL

Ty tlet (24)

Placing (13) through (17) and (20) through (23) in (5)

in addition to replacing the velocities by (7),(8)



we have, in the notation of (24), the Larmour cycle

time average of (5)

%(“T‘) V.. Vo, +V -V, +V-Vocr>
fd( -()<&”°” A
()

><\‘~w+ Vy Ve, +V, w“ 'VFW” VFC*Vo V(5 :\
—Z'DF B"
S \ - > = - T R
L Vet B4V 0B+ e
+ 3 ) [PeBrid 3 2_ )

L

L

B

In (25) we have removed all functions which are approximately
independent of time from our time averages.
Since ”BC” is perpendicular to both Va, and VB,

we have

N .
\Y Vac =V,

f B, =0 . (26)

c

Furthermore, we have in addition

P S N N -~
v, *+ B =(vrot+vD)-BC=O . (27)

Hence, placing (26) and (27) in (25) it simplifies to
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2 }P(vm V- 9B ) \(,, O (E VF!)> + (% th)(v.,-vg) *{v, va, ) V&? -r<(V, %Xv Vd,)j
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N %P( !?> e )

where we have integrated over all functions that are
approximately time independent over a Larmour cycle.

The remaining rotational velocity which is time

—
dependent (Vrot) may now be expressed, over one Larmour
period as

$}ot = vrot(sin(wc(t—ti)) g&4+ cos(wc(t—ti)) géxV%)(29)

<
where w, is the Larmour frequency and is given by

W, = —= (30)

If we now use the identities

(eos(oy(s-t))) 3 = (etaleg(-5))) ¢ -

|
<Fin(wc(t—ti))cos(wc(t—ti))> T, =0
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and

<sin2(wc(t—ti))> 7, - <cosg(wc(t—ti))> T, - 1/2 (31)

we may reduce the time averages in (28) to

s(a0R), - [Fmer s @rer |3 ()

o[ e Gy |55
- &a%(%)“ oo (v )+ (Bor Ve )T, VPQX

2 (4
T ,b—(b(g: Vi B (22)

We now may further manipulate the terms involving Viot

as follows:

4
rot
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OB OB OB
_ 2 c L c 2 .2 2 c
= (5 5 -5, 38 Yrot = Vrot|E, b (33)
Furthermore, from (7) and (8) we also have

W? = v - YE (34)

2 2

W= Ve v (35)

placed )

which may betin (32) in addition to uging (33). We

then have

Nl s

@
m
2 2
c<d (aL) _me | 2v® ch+mc D oB
q \dt'op T, ~2q|B, B, 3B " 2q B 3B
2 2
va N 2 vB
+ %ﬁ(VD VBC) 5%‘(1 g‘ ) + %% (VD Vac) g (\ Bgl )
c
me -6 Vo, vBc1 V. Yq
~ B - v S (%) (36)
c

The first term on the right hand side of (36) may be
further changed into a simpler form by introducing the

magnetic moment equation (2) in the form

2.2
m V.L m2V2 (37 )

M= B “om B
O C om

into 1it. The first term then becomes
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B OB B B . VB
@zﬁf_rﬂ 1o | 9B weB o (B x Ve c
qy By B, oB Yaq B, B, B<2:

~
\Y

D

Vo, (38)

19

where we have recognized the definition of the drift velocity

B B B
=2 <5 {2 1 ( c XV c)

YD T Tvq

5 -5 5 (39)

C m B
c

"u" being the magnetic moment, and ”Bm” the mirror point
magnetic field of the drifting particle. The important
thing to be noticed here is that the drift velocity
35 is recognized from the equations of motion as a
natural consequence of the Larmour cycle averaging.
Placing (38) back in (36) we now have

@ )

~— A~ T T
' "N

2 | )
N v 9B, A 2 (@
<% gﬂ%» r bt Ve T el E RS CIRE R 3 'aF’( *

P g e o e ——————— T

+6(ebcu)\7ctlb€>(aa>_2}3 (6p * ey ) (€ - VB)\VOL \vs \3@,(“)

(40)

N\ N N
where all small e's denote unit vectors in their respective

directions.
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(iii) Simplifying Approximations

We will now proceed to show that we may neglect
terms (III) and part of (II) in comparison to (I), on
the right hand side of (58). First consider the ratio

of term (III) divided by term (I). We have

r\~—\_____QL__,’/f—-|VB|2 —
2
B
(rr1) _ 'p A A d \ e ,
(I) — 2o, B (ep eVa) Ivacl oP
®
M
\ Voo, ° VB
C c
( 2 )
858000 w8, 2 c (51)
-2B(€;°5s ' c’ 3B

but we may majorize both terms on the right hand side

of (41) as follows. Term (a) is always smaller than

(a) Q: BC Iwm | 2 3 o IV ’voI
—_— Vi T 1
IVOLCI | C| oB Iv C|
while term (b) is always smaller than
NPT TR
B2 oB B,
C
D
Now, the ratio ET'iS no more than the distance the
c

gulding center moves during the Larmour period. Thus,
using (42) and (43) in (41) we see that the right hand

side of (41) is smaller than the sum of the change in
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"B" at guiding center plus the change in IVal at the
guiding center during the period of a Larmour cycle.
This indeed is much smaller than unity. Hence it 1is
clear that we may neglect term (III) in comparison to
(I) in (40). That the same is true of part of term
(IT) is seen from what follows. Neglecting (III) in
(40), term (II) may be manipulated so that the

resulting equations becomes

@ed
(D e S
' A 2|va|2|v@|2wm_&c
e (9 (9% - v va 42 <1_ c o (&€e) )3
g \dt'‘of T - 'D ¢ c 2w, B2 ° P
' )/ c
@
/_\*___/A_____’___——\
2
. 2 [vag| |78 Ao # 3 |ve ]
BC D \Ys op
(44)
in
Again, we may show thatvthe second term on the right of

term

(44)£IIa)5is negligible compared to the firstYby noting

2
vp OB _Vp . (B, x Vac) VB
2wc 3B Ewc D B2

c
A 3 3 = - - .
and, because vy 1s 1n the B, x VBC direction, this becomes

v (§~ - Va) vB
- 22 IB C| (45)
C C

so that the ratio of term (IIa) and term (I) of (k44)

becomes
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A A 2
rre) _ Yol |7B |, _ 2(p  Gep)
DR T
va_ " ©vB, (46)

Since Vac and VBC are never parallel, the right hand

side of (46) is smaller than some majorized constant

times (following the previously mentioned argument) a
factor which is the percent change in the magnetic field
at the guiding center during a Larmour cycle. This again
therefore is a very small quantity compared to unity.~ The

resulting terms of (44) may then be written as
(n @»

—_
: <d¢ )> (vzwv};:) ?a ({;v%\) .

(47)

In equation (47), that the second term on the
R.H.S. is small compared to the first in all regions
except those near the equator (where ?b © Vo, = 0)

may be seen by writing the second term as

= [ v,,) \w\\vfbel (Bare, * V\W‘D}Vp\vwc\(én-éqf)’“

Bf 1Vl |
(48)

Except for the factor of cosine between $b

(which, of course, is smaller than unity) it is clear

and VBC

that this term is smaller than the first term (R.H.S.

of (47)) by the factor in the above bracket. As was
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previously mentioned, this is approximately the change
in IVal, at the guiding center, during the Larmour
drift period; which is small compared to unity.

Thus, barring small regions of space around the
magnetic equator, the Larmour cycle average of %%— is
given, by the next approximation, as 65 : Vac. That
this is in fact very reasonable is clear from the
realization that, for particles of sufficiently low
rigidity, %- %%%—&zac (the value of "a" at the guiding
center) and its rate of change, with respect to time,

is given by

(49)

where %%Q = O because we are only considering static
fields, and ?é is the guiding center's velocity. The
component of the guiding center velocity which
survives in (49), since 5; - Va, = 0, is no more than

the drift velocity, Gb, and hence the time average

of g—'(géL) should be like v, - Va,_; the answer we obtained.

(e}

D
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C- The Resulting Time-Averaged Lagrangé% Equation

The result we have obtained so far may be summed
up as follows. The Lagrange's equation (3) which lead
to a first integral in the first approximation of a
slightly B-dependent field38 is now corrected, in the

second approximation, to read

- 2,
c 4 (E_&)> = CN; 4 VPc> ° lvd'c\z
— — » —_ m— d ———— et

re.l, Op

(50)

so long as we only consider the equation valid during

time intervals large compared to a Larmour period.

The terms on the right hand side of (50) are all evaluated
at the particle's guiding center, and the second term

may be neglected except for particles mirroring near

ct

the magnetic egua

Further, (50) makes clear the fact that as we
approach closer and closer to a field which displays

B-symmetry the right hand side of (50) approaches

38

zero thus yield the result of Ray. That this 1s true

is seen from the employment of (3%9) and some algebra to

show the first term on the right hand side is propgrtional
0B o |va

to 5—9, while the second is proportional to Cl

B

both of which vanish when the arguments of the derivatives

become independent of B.
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D- Expansions of the Field Variables

Deeper insight into the problem and a path for
further calculations is made by adopting a perturbation
theory approach and expanding the field variables in
Fourier Series in B. Since it is only this divergence
from P-independence which destroys the exactness of the

first integral of Ray,38

the correcting term may now
be made to display its dependence on the non-axial
symmetric components of the field.

In Appendix X we show that B is a measure of
azimuth and is therefore functionally related to the
angle #. Since a will be chosen as a function of the
minimum value of the magnetic field along a line of force,
it becomes a unique label for topological shells in
space. Since these surfaces of constant a are concentric
and generate the space 1t follows that |va| is a single-
valued function in space. The magnetic field, B, 1s

also a single-valued space function in addition to being

!
continuous. We may therefore define a period of B as

(in general a function of a) (see Appendix IV)
P (a) = B = ¢ B ax  (51)
B - |Va1
1 cycle 1 cycle
where

dX’:-B—'—vaT—dX . (52)
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The integral is to be performed once around the curve
defined by a given constant a surface and any constant
V surface intersecting 1it.

We may therefore expand B and |Va| as Fourier
Series' periodic in PB(G). The leading terms of these
expansions will capture the approximate independence of
B, while the remaining terms will give higher order
B-dependent corrections. We start with

va = |va(a,B,V)| & (05B,V) (53)

T = B(a,B,V) &3 (a,B,V) (54)

B

and make the expansions

=0 inB
[va| = ag(a,V) + n-z:an(a,v) eP;niai (55)
n#o
n=-o0
m= oo imB
B =b_(a,V) + Z b, (a,V) C‘PE(&T (56)
m%O

m= =00

where a, and bO are ‘given, in terms of the actual field

variables, as

a_(a,V) = <IVOL|>P Ellv_g(a'ff |va] ag *'%%EJB ax  (57)
>
b (a,V) = <B>p = ?jaj(B ap = Pé(@f lgo‘l dx . (58)
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Furthermore, in the spirit of perturbation theory, the
fields having only slight B-dependence implies that the
leading Fourier Series component is much larger than

subsequent B-dependent terms, ie:

Ln

la, (@, )| > | 2 e e e \ (59)

n$o
Ne-0

R EME
bV » | 27 heve # \
m#0
m=-co

(60)

This allows us to express the actual fields (53) and

(54%) by the approximate perturbation expansion

Va 2 (<|v@|> 5 + | L)y & (@,8.V) (61)

lle

-~
B

((3)p+ 31y & (a,8,V) (62)

where

® b
© AT
|\ v| (Q’FJSV)E Z)ah(a,v)ﬁ B (63)
b
0 BN =)
(ocypp, V) = b
B opY) = ) ba ) et -
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Return now to the result obtained in equation (50).

As is pointed out in the paragraphs following this

equation, the texrms on the right hand side are proportional
to g;g and alZa respectively. In the light of (61)

and (62) it is now clear that, if we only consider the
leading B-independent terms of our expansions the correction
terms on the right hand side of (50) are zero giving

28

Ray's result. It is now further clear that the only

things that destroy this first integral are inherent
in
in the magnetic field itself and nottthe particle's

motion.



(IV). TRAPPED RADIATION

A- Guiding Center Motion

We will first consider particles which have
sufficiently low rigidity that they are trapped by the
magnetic field. The naturally formed Van-Allen Belts
and the injected charged particles of the Argus experi-
ments are examples of trapped radiation.

It is important to realize the second order
correction (the right hand side of (50)) need only be
computed along the trajectory that the charged particle
would have taken in a field which was P-independent;
ie: the B-independent field assumed,to obtain the first
approximation. That is, we must substitute into the
right hand side of (50) the guiding center trajectory
of a charged particle in the field made up of the
leading terms of the Fourier expansions of the actual
field (given by the first terms on the right hand side
of III{§1,62). According to Alﬂén,l this is given by

gﬁ' X V(Béo))

(o) _ MeBy | o 1 c
T O » (0) (1)
C

e (2)

where "v" is the speed of the particle (a constant of

(o)

the motion),'% is the component of the gulding center

58
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speed parallel to the magnetic field and ;éo) its
corresponding perpendicular component (as if the

motion had taken place in a field made up of the first
term of the Fourier series of the actual field),

For the remainder of the paper we will use the symbol
Bgo) for <BC> B The mirror point, Bm’ is defined

as the point where the component of the parallel velocity,

%;O) is zero. DNote that, from the chain rule, we have

38(°) 58(°)
velo) -~ ¢ Va . + e B (3)
c T da c oV c

in (1).

B- Trapped Particles Mirroring at a "Flat" Magnetic Eguator

Along each line of force there exists a point
of minimum magnetic field magnitude. The totality of
such points make up a topological surface in space which
is called the "Magnetic Equator." If this surface is
flat, then the totality of points must lie on a plane.
Examples of such field models which satisfy this condition
are given by Mead,26 or Hones.15

Since a particle mirroring along such an equator
does not bounce, (ie: it is caught in a magnetic
potential well) its entire motion may be analyzed by

a two dimensional model of the actual field. That is,

we orient our z-axis along the direction of the magnetic
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field vector (which is coparallel throughout space

in accordance with our assumption of a flat magnetic
equator) and assume that its extension in space is
straight lines of force along which the magnetic field
is constant and equal in magnitude to the value at the
actual ﬁagnetic equator.

Hence we have
— A
B(x,y,2) = B(x,y)¢, - (4)

This suggests that we choose a as a function of B(x,y)
since it is constant along lines of force (see Appendix

V). Furthermore, from II-(5) we have

g(x,y,z) = WUV (x,y) (5)

and we may always choose V = z in this type of field

thus implying

n(x,y) = Blx,y) - (6)

B is then the solution to the partial differential

equation

Bny) =255 - £S5 (7)

To establish such a field as (4), however, it is
necessary to assume that we have perpendicular (to

magnetic field) current densities in space. This means
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that we no longer can choose W = 1 as was done in
arriving at the result III-(50). Indeed to be correct,
we must return to equation II-(22) and rederive the
result including @ in our calculation. However, because

a, may be chosen as B{x,y) in this particular example of

2 ;.2 o
the flat equator, the 0 HB/B . V2 term that would be

an additional term in our rederivation vanishes, thus
leaving us with the consequence that, indeed, our
result III-(50) is valigd.

Since we may choose a as an arbitrary function of
B(x,y) it follows that Va, and VB, are in the same

direction so that the v - Va, = 0 in ITT-(30). As

D
a result the equation becomes, using the previously
c ok
noted fact that 3 EB—-QJQC
> 2 2
da,, =(VD + VB.) >57|Vac| ()
dt chBC oR : _

Furthremore, since we are at the equator

VB, = vf(a,) = ' (a,)Va, = &(B,)Va, (9)

so that

wo A (e 1]EE e

(10)
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3n(B.)
But __552_ = 0 because BC is only a function of a,
In addition, Gb . VBC is no more than %E-at the guiding

center so that (8) becomes

2 _bo -V c) \V“clz cl
d.{cbc] = fﬁg [(N' 2 ji B> } FS

(11)

The right hand side of (11) is an exact differential in
light of the fact that the first order motion predicts
that 35 . Vac = 0 which means that the path of integration
of the first order trajectory is on an a, = constant

surface. We may therefore integrate (11) to obtain our

corrected first integral

AN vg
VD . C o _
%c T 2w B, |VaC| =2y . (12)

If the field were axially symmetric then the correction
term in (12) would not vary in azimuth so that the
correction term would be constant and might be brought
to the right hand side of (12) thus retrieving the
result that a, = constant are the invariant surfaces in
space. That the correcting term in (12) is small may
be seen as follows. We define the new length

Bc me

T (13)

VD

C B

o
!
S
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in anology to the Larmour radius. Clearly this is much
smaller than the Larmour radius itself, by virtue of the

fact that « I?l Using (13) and a little algebra,

.
VD

N
we may change the correction term in (12) to-a! - va_,

so that (12) may be simply written as

- J—
a, -al * Va, =2y . (14)

The second term on the left hand side of (14)
accounts for the splitting of invariant shells as a
function of particle energy. An example of the effect
of such a term on the motlion of trapped radiation at the
equator of the Mead26 model of the magnetosphere 1is

worked out in Section VI.

C- Particles Mirroring at Latitudes Above the Magnetic

Equator
(i) The First Order Trajectory

Next consider the more general case of a particle
which now mirrors at higher latitudes than the magnetic
equator. We will now proceed to derive an expression
that is more general than (12).

Consider the motion of the guiding center of
trapped radiation. Qualitatively, equation (1) and
(2) describes the average motion of the guiding center

as a "fast" bouncing motion from mirror point to mirror
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point in addition to a "slow" drifting motion perpendicular
to the direction of the magnetic field and its gradient.
Consider now in detail the motion of a charged particle
in the field made up of the P-independent component of
the magnetic field. This motion is gquantitatively
described by equations (1) and (2) and pictured in
figure 8. Depicted is a section of a constant "o
surface. The curves in the horizontal direction are
constant V curves, while those in the vertical direction
are constant B curves.

Suppose the guiding center of a particle starts
at (aO,BO,VO) "bounces" down to the lower mirror point,
V- (where B£O> = Bm), is reflected to the upper mirror
point, Vm+ (again where Béo) = Bm), is reflected again
and finally reaches (ao, 62, Vl) one cycle later.
Notice that the first order motion dictates that at
every point of the path $§9.

trajectory lies on the constant ”qo” surface.

Vac = 0 so that the entire

(i1) The Averaged Drift Velocity

Let us now define the velocity,CVj(Vl, V), (see
Northrup and Teller'B%)such that the following two

conditions are satisfied

—

'V;(Vl, V) - va(vy) =0 (15)
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—

Vo, vy - ws vy) = 3wy - v (v) (16)

—

]/Z(Vl, V) is defined in such a way that it carries a
"ficticious" particle from (ao,Bl, Vl) to (ao, Bss Vl)
(shown in figure 8) in the same time as it takes the
B, V).

Since all motion will now only concern the gulding

actual guiding center to move to the point (ao,
center of the trapped particle, we will drop the subscript
"e" but remember that the motion will be that of the
gulding center.
The solution of equations (15) and (16) is given by
—_— A
. VaC(Vl) x en(Vy)

VC(Vl’V) = ‘Béo)<v) B(Vl)B . (17)

That (17) is the solution of (15) and (16) may be
demonstrated by substituting it into the equations and
using II-(3).

We now define the "bounce average' of the function

HQH as
Vin+ Vins
= - 2 dl 2 QdV
Q = ——-(§;C1dl o §;<Q'—: = = [———a 3
< >rc Te Te V/(,) v EDC (l‘ f._c_)z‘
m- Vm_ &f\‘\
(18)
where the "period” is given by
Vit
av
= 2 5 &
ERREEEDE L o
V Bm

m-
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"d1" is the differential length along a line of force,
and we have used (2) in (18) and (19).
Using the definitions (18), (19) we may now obtain

the "bounce-averaged drift velocity" as

——t —_—

ex(V,) x va(V,) .
j/ﬂc(vl)-:— %(Vl,V) - B %(Vl) LN <Bé°)>
T

c

(20)
so that the motion of the guiding center may be replaced
by average drifting motion, given by equation (20),
along a curve made up of a constant Qs constant Vl
surface. Furthermore, any function to be evaluated
along the actual first order trajectory may now be
replaced by its average value over a bounce period.

Therefore we have for the average values of aéo) and
5(0)

<&£°)> . =0 (21)
Vit

o). 2 el P B
c T, qyv g(0) B, da
Vm_
(_Bxéo) bre VOLC) VB, av
(0)42
(B B (1 - 133((1)_)1/2 . (22)
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Since Va x V8 = B and B .-g(o) = B(o) B, equation (22)

may be written more briefly as, after some algebra,

(o)
(o ~C 0
v]g ). VB, T = §Te —%OL (23)
where
Vm+ g(0)
J(O)(ao)‘_:_va f (1 - y1/2 1_3%%7 (24)
Vm- m c

The similarity between J<O> and the regular definition
of the integral invariant5 is obvious. Furthermore,
equation (22) also checks with Northrup and Teller's
result54 which was obtained in a completely different
manner. We may further note that the partial derivative
of (24) with respect toeggain checks with the Northrup-

Teller result; ie:

(o) .
aJ? oC a§°)= o . (25)

(11i) The Bounce-Averaged First Integral

Let us now return to equation III-(80) and
average the entire equation over a bounce period.

We have, noting % %g— 2 Q,

o (D — (LL)
da _ <V E> a\vac\ >
c ={Vv,- Y4 o’
dt Zc <D C>r ZCD 6 TC -

(26)
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The left hand side of this equation may be interpreted
as the time rate of change of a, for times large compared
to a bounce pericd, TC. With this restriction understood,

we may interpret the left hand side as
L.H.S. =3 (o) (27)
JH.S. 3 c .

Next consider the first term, (i), of the right hand

side of (26). This term is not zero because we now have

P

(o) . . .
Vp and not vy Its magnitude is, in fact,

<§;,‘VGQ;Z‘ — 2p¢ B 2 _ 1 B, x VB, » Vo, dV N
‘e iéc CiTV . [_ Bc. bm &:‘ E,c(l_ %) 2
Vin- (28)

where we have used the definition of ﬁb

We may write (28) in another more useful form as follows.

given in III-(39).

Ay

From the chain rule we have
-
VB=%§\7@+§§VB+%}?—B (29)

so that the term

_
(B, x VB,)- Vo

B

0 N

dB
in the integral of (38) becomes - 552 . Placing this

result back in (28) we may remove a ”%E" from the

inside of the integral (for the guiding center moving

under the influence of the B-independent field under
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the conditions of the first order motion V , and V _
do not vary with B ) we have
v
- 2 ¢ o fm{ ( ) 3 __O[_V___—L
Vo * V& = & pC 2 ('n ‘*‘-—l ©
<° °>rc T, qu'bF Nl 8 (l-’fl )"“
A"
m-
(30)
where "7, ”n(o)”, ”n(l)” are defined as
(o) (1)
B B B
n=g n(0) = — (M= S5 1 = q(0) 4 q(2)
m m m
(31)
We may now approximate the integrand of (30) be using
o?r)Fourier Series expansion III-(G2). We have, since
1
SORSE
W 0) 0) ©
©® ~ @ ~
e )
(32)
and
2 % L 2 2,3(')
il ©CL+ 2 ”"ww - LRSI
(1)
T ) ™

Since %B-of any function of B(O) is zero, (30) becomes




v = RpC 2 A |
Gy, = i ) [
Vi

(34)
Next define the function J(l) as follows
Vm-r Ji’
n o 2mv (i = A? ) d.V
:éd?np) ~ Bm f < .
v,
(35)

which again resembles the integral invariant. The
integrand of (35) may be broken into its Fourier components

and binomially expanded as follows

0}
©

Ci-lfljiz =™ ")" G- (- i @>
C Tt f'zf‘” i -Tk«—
| (
e

ML O D)
x(i_-%-?—&l— . 1- 5
nl 21(1—!7 ) f? )

(26)
Placing this in (35) it becomes, approx1mately,
Vm+ ©® _\i
® , 2mv (L-m i amy Qf_ \
J % @) e ( O\Z
6"\ Nl@) (? )
V%- \ﬂn_

(37)
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or, using the definition in equation (24) this becomes

Vm +

; o _  ARmy ® 1 dV
e [F e

m-

(38)

Taking the partial derivative of both sides of (38)

with respect to B gives

~ (3%- 3%) _ &mvy o _/_Ygi 1 1 dv :
z - /yz(o) (l_/YZ(O))—z- i

m (Yl

Upon comparison of (39) to (%) we see that we may

express (34) as

. Caes(1) _ 5(0)
<VD-vOLC>T -5 3 = ) (40)

c

s [

Finally consider term (ii) of equation (26).
Since the term has significance only for particles
whose mirror points are near the equator, we may proceed
to compute its bounce average for low latitude mirror
points only. So we start by expanding the integrand
in a Taylor Series about the equator. The equator 1is
defined as that value of ”VO” such that Béo) is a

minimum value. The value of the magnetic potential
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”VO" is very near the value corresponding to a minimum

in BC, the error being of second order. We now choose

the function a as (Bmin)l/j' The integrand of (ii)
then becomes
neB (e X Vaa)-VB
s, = mi{2 1 Beguator c
D c - qy af Bm ag

+ higher order terms
(41)
where we have Taylor expanded about the equator. (41)
may be further simplified to read

ueB

m|2 o) .
2 _ 1 + N

ay |42 . 2 higher order terms.
c

[

-_\ - —
VD VBC =

(42)
It is clear from (42) that
Vo, VB
D c
2 CBC = f(ac>
(43)
and, hence, we may write the term (ii) of (26) as
— 2
sy~ 0 (VD°VBC> 2
11 ) = =l Y/
(1) Bl 20.B, \ acl T.
(&4)

which is only to be averaged for low mirror points.

However, the average value in (44) over these low mirror



Th,

points is no more than the equatorial value of the

integrand, so that we have approximately,

( —

2 2
a2 RS-

chc
a ,V
o’ o

(45)
ie: evaluated at the equator. We may extend the validity
of (45) to higher mirror points by virtue of the fact
that it becomes swamped by the term (i) of the same
equation thus making it inconsequential whether it be
included or not. We conclude that the bounce average

of equation (26) becomes

» o .
<ao<¢> o 2@ . 9_\-(\7,,.vg>c)’“\voccl"
YT 9% > z2 & B,
o . eF F %,V °

(46)

Equation (46) describes the time rate of change

in a., as the guiding center has an average drift

—

W/Z(VO) which carries 1t from line of force to line

n

of force on a shell of constant ”ac predicted by the

first order theory. To compute the entire change in
Q. 1in going from some initial to some final "B",
we simply integrate equation (46).

Consider the average drift motion. We have, from

(22) - (24),
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dt = .EL%L =-T 9 _fiﬁ>
Py | T e
P° T da .
(47)
a5(°) . .
Since "5__" is independent of B, and is evaluated

on the 1n1t1al a, shell we have, placing (47) in (46)

and integrating

A L (v ve) tvalt) _dp
dCCPz.) ‘dc(m= _f—F 33@(“‘) A# /‘3‘5 2£ B, <F@

(48)

In the second term on the right hand side of (48)
we need only calculate <B > for low mirror point
l’T\
-C
particles since this is the only place this term has

significance. 1In this case we have, approximately

'(O)> ~ T
<<éc Tc { D vBc

That is, the average drift velocity, <i6§02> , 1s

a_ ,V
o’ o
(49)

approximately given by its value at the equatgr. As

was previously mentioned in equation (10), (49) is not
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a function of Pp. Hence, we finally obtain the result

l

4
Vo * E)\le _ b iant
<C(,> + ( I(o)(d‘) { 2,(.0 E) v = ik(MR) constant .,

D)O

(50)

upon integrating (48). In (50) we have defined the

"unitless" constant "k" and the two functions I(o) and
I(l) as

mv
(51)
1M (a,,8) = J(l)<a055)'J(o)(aol (52)

where we must keep in mind that all quantities in the
expression apply to the guiding center of the
trapped particle. The second and third terms on the

left hand side of (50) are second order corrections to
the first term. The "unitless" constant "k" is therefore

not far from its value for the B-independent field case.




e

(iv) Simplification of the New First Integral

We will now proceed to evaluate the integrals

in the corrected first integral equation, (50).

As

has been previously mentioned, we may replace %éL by

a, (at the guiding center).

such that

Furthermore, define ¢

(53)

so that (50) becomes (using (24), (38), III-(39) and

some algebra)

ar*M lva|®

where "R" is the
"M" the magnetic

on the left hand

:
T ek 4V 1%

rigidity of the trapped particle,

= aKVMR

a,. Vv

0y 'O

(54)

moment of the earth, the second term

side 1s evaluated on a surface of constant

a = Qa.,, and the third term is evaluated on the same

surface, but at the equator ”VO”, and "k" is a unitless

constant.
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In order to evaluate the integrals in (54), we
use the numerical fact that, over a large range of
mirror points in both the Finch and Leaton and Mead
fields,26 we find that the magnetic field varies
approximately as Vg along a line of force. We may
therefore "quadratically fit" the magnetic field along

the line of force. Thus we choose

2
. V-V
(o). n‘(fo) = (l—né—z)) vm_—(_)vo VeV, (55)
A
V-V
NOMMON <l-n§z>> T V>, (56)

e N B A € VI WG A S i P
V. (VMH - VO)( vrm- - .V°>( an _Vm-\)

o T (V™) + (Mg, ™ The) (Ve Vo) ot
(V'"H —\L)(VO ~Vm-><vm+ - Vrm-)

(57)

m+ and Vm-’

@unctions of aé only) are the magnhetic scalar potentials

where Vo is V at Béo) = minimum, V

at the upper and lower mirror points respectively (where

glo) _ B.)-
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First let us evaluate the integral in the denominator

of (54) Placing (55)'and (56) in this term we have

f-—-”z—‘ W - f[@ - e I v

® 1. V-,
- WV,"'( T\V:D v, - v’)

3 (58)
[@m -G ) |
; )

r, more simply

1 L
frm ( (o))z AV . ( J Vm) C _ Uf”)& dU
Lb = Cl"nv - @ L U?
T () + U
1 .
<\M+ ‘7> Ci-tjé>& dU
T Uy @%) +U*

(59)
Vo=V
where U= g——=— 1in the first integral on the right
m- o) v -V
hand side of (58) and, again U=———2— in the

vm+ - Vo

second term on the right hand side of [(58).

We may still further accumulate both integrals

on the right hand side of (59) so that it reads



80.

AV
(1-7(°))1/2

where we have defined

(61)
NN=V_, -V (62)
and Fi(a%l) is tabulated in Appendix IX. The result is

f(i )L"dvz AV [W‘"ﬁ
Z‘Cl—T}iZ)z T}:;_)

Vin—

(63)

so that the denominator of the second term on the left

hand side of (54%) becomes

Véﬁ © >J2'. 2 T‘(o) (o) ) Yz P T\(O)
P 1-7 v = TV . v,
2 f e

¥ @ |

LT L= () a__y.
Z.Cr](o))z"(l T}&?) Da

(6%)
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Next consider the numerator of this same second

term. We may, with some simple algebra, rewrite the

term as

Vin+ N
®O\z N
_je[cl"@’]L 4 ?»@V]aw
o LT Y

(65)

where the function e is given by

I

[ Q) t(N-V, + V-V, -
CT'VD ‘T]VDD =+ C:L (‘\{,‘t -V°> t Cz

€::-#— ‘ﬁm:“C
2
a“ + (—-————V Vo
V= Ve

L
¢-1%)

(66)

where the upper sign is for Vﬂ+;; V’>,Vb while the lower

E in . /.- & V&V, and the constants

&« O (%%~ e ) )’
(Vm - V,) &V
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Ci = T]\(:) _1 - <th ‘%)L(T]Vm: T}V)(Vm{' vo>+ (T]vm;- T}Vo)(vo_vm-);,
° (g — Vo) AV

m3

(68)

where we have used (55) through (57) in arriving at (66).
Again using these equations in (65) plus the substitution

following equation (59), it becomes

_ (Vo = Vim- (a- Ija) dU o\
©5) = ——)@ ~ (pe= V) §1 Ud*d
) f @+ v - %) @ +3*) ’

1 1
(A ~Vim.) N SE dU' ~ Wi, Vo) ey dU
R~ JL-UD* 2G-n9)4 [A- vk
o

o] o

(69)

(69) may be simplified by making the approximations
(appropriate to the field models we will be considering).

We may write

VO —Vm- N -VM+2:-V”0_ _ VM+ 2~VM_ + Z-VVO
o
= ——y— -+ (\ffm*f +v >
A 2 .
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Since VO is going to be near the magnetic equator, it

is going to be approximately O. Furthermore, V + Vrn

m+

(which is really their difference since they always have

opposite signs) is also approximately O because of the
approximate equitorial symmetry. We see, therefore, that

the first term on the right hand side of (62) is all

that we need. In a similar way we may show the same
about V‘rth - Voﬂﬁ g&. That is, we assume
_ v av
Vo -V, & S (71)
A\Y
Voy - Vo5 . (72)

Placing this in (61) it becomes

1 1/2
_ AV by - )
(65) = 2(1 - 21017 g (ep +e_) =, 2
C
1 (e, + e ) 7
+ (/) J (Jilﬁ)L@ d?} : (73)

Using (66) through (68) and some algebra we obtain
C

- 1 3
S+ TS (l—nvo) Pz TG (74)
where -
1 _a(0)y_ (o)} i} i}
C3 - m {E(WVO T]VO)) HVZ (T]V'D' 1)+(T]Vm_ l)}
O
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which may now be placed in (73) to obtain

AV

- 1, . -1
@ = 2( 1 - .,]@ % [ caiFeﬂ&s 1)+ ____’—Fl (a.:., ‘D}

1,2
+ o) D + %ﬁﬂ (o

where we have defined

Fg(ag,qg)zé 1" o) du . (77)

The evaluation of these integrals are tabulated in the
Appendix IX, whence upon their substitution in (76)

(in addition to using (75)) the integral in (65) becomes

@) = ‘T‘Z\f 1o G 1@ (‘]f})) )CT\V )

n T](ov?,( CWVO)/‘

)LCT}V S0+ (g, - ]3

@9




Recall that

(o)

(o)
W = 9%

o} Bm

so that
an(o)

v, _ 3 (

da - a T]VO
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(80)

Using (79) and (80) in (64) and (78) we have the result

that the second term on the left hand side of (54) becomes

@) = [la @h)

o)+ (B (e -1))

CER M’*)-m@ (- ()

))[aln (aV)

|Da

(81)

Putting all the terms together (54) is evaluated to be

o - 2 AM (vat®),

c 4 %

— 1
Y. - 2k MR

[@ 2 @)/z)(Bv E>v) (1 CTIVQ )((ﬂ -1)+(T]V - 1))]

"o mm] e [ O D) e

:.‘O.

(]

(82)

L

©
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or, since we previously showed that we may neglect the
third term on the left hand side of (82) in comparison
to the second term, when the mirror point is not close
to the equator, more simply as

k(bn &z i (?) ‘l _
(1 o+ ) + (2 )( (= 1)+ (1, -2)
:5(1 -2ng+ 7]:;)3/@ 20, (4-C )z o+ 1}3 BlnAV

=2k TMR (83)

dC

(<8

(v) Interpretation and Discussion of Corrected

First Integral

Consider the result (83). We must recall that
all terms refer to the guiding center of the trapped
particle. If the field were independent of B the
correction term would be identically zero since BV = Béo)
and Ny = 1, Ty = 1, and therefore we would recapture
the result that a; = constant, the result of the first
order theory. In fact, it is due to the fact that these
terms are not zero that causes the splitting of the
invariant shells. This is no more than saying that the
correction term is proportional to the B-dependent terms
of the Fourier expansion of the magnetic field. The
correction term becomes larger as the field becomes more
B dependent, a result that seems intuitively obvious.
Referring to (83) we see that the splitting is only a
function of mirror point, Bm' This equation may be

interpreted as follows. Given a starting point for the
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guiding center of a trapped particle with a certain
mirror point, that is,an initial starting line of force
”ao"’the magnetic shell upon which the guiding center of
this particle will remain is not that of the topological
surface a, = constant = a, but instead, will change
surfaces as the particle drifts in azimuth. This drift
in azimuth (ie: the B direction) depends on the inherent
B-dependence of the field and the mirror point of the
particle. As the mirror point is changed (changing the
particles magnetic moment "u"), for the same initial
starting line, ”ao” the invariant shell will change
shape, but always be a closed surface, so that the
drifting particle returns to its initial starting line.
Again this is observed from the result. The shells are

50

now said to be non-degenerate. We may look at equation

83) then as h_ (a_, B; B ) = 2k(MR 1/2 = constant,
%

o)
where g is the initial starting line, B is the azimuth
coordinate, and Brn the particles mirror magnetic field.
The constant "k" is determined by the initial conditions

of the particle (on which line it starts).

(vi) Special Cases

(a) Particle mirroring on the equator:

Returning to (82) we set n(o> = 1 (taking the

V
: . O AV
appropriate limiting process we find So always
o
0

remains finite) to find
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_ gnlo)
BVo BVO 5 RQM2
Béo> o o,V

o)

= 2k MR

ctO
+ =
oac 3

(8%)
The second term on the left hand side arises from the
fact that the magnetic equator does not necessarily
remain flat in space. If it did, By would equal Béo)
and this term would be zero thus recgpturing the resglt

26

we obtained in equation (12). For the case of the Mead

15

and Hones models this is Jjust the case. However, in
the Finch and Leaton Model7 the equator i1s not flat,
but, in fact, is some topologically warped surface in

space.

(b) Particle mirroring at high latitude:

In this case we may start with equation (83)
and set néo)—ﬂ>0 (since the mirror magnetic field 1is
o
now much much larger than the magnetic field at the

equator). Under these conditions, (83) becomes

O U

m-+ m-
B, + 2B + 2B
5 :
e 3-2q {é 1nlﬂf] =2k MR . (85)
(@] ;;Cl
a

O

The correction term (the second term on the left) becomes
larger with increasing mirror point. This arises from

the fact that the separation of constant "V" — constant
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"B" curves in space (on a surface of constant ao)(which,
in fact, is a manifestation of the fact that the field
is not B-independent) becomes more acute as we travel
up a line of force away from the magnetic equator.

(vii) An Approximation Useful for Computing B(O)

In the case of a model of the magnetosphere
determined from measurements of the magnetic field
near the earth's surface (ie: a Finch and Leaton model)
which leads to a representation which is very close to

that of a dipole, we may approximate B as

B g+ a(r,e,9) (86)

where G(r,@,ﬁ) is a small correction to ¢. Because of

this, we may replace an arbitrary function F(r,@,ﬁ) by

F(O)(r,e)
2T
(O) ~ 1 —
T % [T Faaa) ©7)

so that the B-average is no more than the axially
symmetric portion of the spherical harmonic expansion
of the magnetic field. As a consequence of (87) we

have

- glo)
BVO BVZ BVO(non-axial)
Béo) BVO(axial)

(0]

(88)

e
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evaluated at Go’ VO. In addition

BVm+ - By N BVm+(non-aXial) (89)

m 5, 5

!
'_l
i

!

1

m+(axial)

so that in this case we may compute the corrected first
integral from the lines of force and the axial and non-
axial symmetric portions of the spherical harmonic
expansions of the field.

In the case of models which are based on satellite
measurements and which give a spherical harmonic expansion
which includes currents on the solar wind interface, the
field is sufficiently distorted so that we may no longer
make the approximation (87). However, in such models
(see figure 9) we may make other approximations which
replace it. For instance, the Mead field, for r £ 10
earth radii, is reasonably close enough to the dipole
field that we can make the approximation (87) but in the
tail of the magnetosphere we must do the following.

Since the shells of constant ag (their intersection

with the equatorial plane is shown in figure 9) run

into the walls of the solar wind interface the invariant
shell, which is close to this curve, only has significance
over this same domain. In other words it only makes

sense to talk about this section of the invariant shell
on the night side of the cavity, because the particle

will never drift out to the day side. Thus for the
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section of the invariant surface which it does make
contact with, we may replace

¢1 +A¢
- J T (90)
1

2(0)_

<l

where the A¢ is the azimuthal spread in the shell from
wall to wall of the cavity. What (90) really dées is
capture the average component of the field "F" over the
”ao” surface in the tail of the magnetosphere. Given
the shape of the magnetosphere, we may determine Ag

and thereby compute (90) from the spherical harmonic

expansion of the field.




(V) COSMIC RAY CUTOFFS

A- The Equation of Motion

Next we consider particles with sufficient rigidity
so that they may arrive at the earth's surface from
infinity. As was menticned previously in Section IT,
the critical velocity of "escape", ie: where the
particle just becomes "untrapped'", is known as the
cosmic ray cutoff in that particular direction (with
respect to the zenith) and at that point on the earth's
surface. In this case the particle does not bounce
from mirror point to mirror point since the energy of
the particle and its magnetic moment are of such
magnitude as to locate the mirror point below the earth's
surface.

We now return to equation III-(50) and neglect
the second term on the right handé cside since, as
previously mentioned, this 1s certainly of second order
compared to the first term on the same side. According

4= 14,51

to Sauer and Ray. and Stdrmer theory the radilation
arriving from infinity enters the "allowed region"
through the "jaws" of the Stgrmer plot, and then proceeds
to spiral around the field line which originates in

the horns of the inner allowed region. We therefore
need&%alculate the correction to the first integral

over this path to the surface of the earth.

93
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Hence we start with

Q,

q d p

- .
Sy =Vp Ve, . (1)
We now proceed to evaluate this equation in a similar
manner as was done in Section IV, except now we no
longer take the bounce average but must consider the

variation of (1) over the individual bounce.

B- Evaluating the Equation of Motion

We return to equations IV-(1l) and IV-(2) and
follow the first order guiding center from the equatorial
"jaws" to some arbitrary final position. For the
differential relationship between the time and magnetic

scalar potential we have

Jt = dal  _ dv (2)
v/50) v Bm(l‘ﬂ(o))l/gﬂ

so that the time integral of (1) becomes

ok (V)-

\
< S S5 (Vo)== [ (=

Qo
=]
<

<
=
}_J
}
o
A
S
g
)

Again recall from III-( 39)

-— =

p Ve e |2 1| P XVBe ot Voo | pe |2, %1
v By vay | B, By B?: vay | B
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so that (3) becomes

We may now reperform the analysis in Section IV equations
IV-(30) to IV-(39) to arrive at an equivalent expression
for (3) (good up to and including terms of second order)

which is

- s- b v
‘5‘ ,_‘S' & /r,(o) Cl-' ’Y](O))/z
.V

CB( C 'Bdt, ~
‘l'BF( V- =2V, R

(6)

where the rigidity "R" has been defined previously.

In addition, we have removed the partial derivative with
respect to B from the inside to the outside of the integral
on the right hand side of (6) since the drift velocity
is small and therefore the scalar potential "V" is
approximately independent of B.

We will now proceed to calculate the integral

on the right hand side of (6). Whereas in section IV
(equations IV-(55),(56),(57)) we chose a parabolic fit
of the magnetic scalar potential between the equator
and the mirror point of the particle, we now choose

a parabolic fit between the equator and the point at
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at which we would like to compute the cutoff. We

replace the equations IV-(55),(56),(57) by the following

V-v_ \”
a(0) = n\(,z)ﬂn\(,;)— n\(,z))(v———Jr_\?o (7)
and
(y_-1hy ) (V=7 )2 (g, =y ) (V_-V)°
_ o
Ny T V-V IV _ -V )(V,=V_) (V-v,,)
(g =ny (V=Y )+ =ny (V) .
- O O
* WV V-V )V, -7_) (v-v,)"  (8)

where if ”V+” corresponds to the point at which we compute
the cutoff (if it is in the northern hemisphere)
then "V_" corresponds to that value of V such that
Béo)= Béo) (in the southern hemisphere). If the cutoff
is-to be+computed in the southern hemisphere then we
interchange the roles of V+_and v_

For all practical purposes, in computations
taking place in fields like that of Finch and Leaton7

or cavity fields like that of Mead,26 we may make the

following approximations

Yy oo =
v, -V, TV, - V_ =V

so that (7) and (8) would simplify to read
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o (o o o
n(®) = nlede(nie)nledy(—52) (10)
0 +
V-V, 2
n= T]V + (T]V -T}V )(—W_) (11)
o) + o}
Let
Q)
Q)
mai _lvn__(_ hz-__ l‘ ¢
(o) ©) = o
-— ©)
v, =", 5
®
)
2 l- ® B
P = i e (12)
© ® bv
Aqv‘r Vo °
® ©®
Q-VE ‘qvo [} €V = nv* T)V“"
° +
Using (10),(11) and (12) in the definition of e
(equation IV-(00)) we find that in this case €, =
€_ = € so that we have
+(€
v, (:V%( - € i><;
€=m
_Y_-& - (13)
3V

In addition,
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‘/Q,

(-7 )Vz' g m [Pz - va::f >1 ]

——————

(® - S \ 2
(@2 | 2 (v— '\L,)
i *W RN

(14)

1 o1 m
CL@§<1_H(O))1/2 - 2(n\(fo))l/E [mg_czjzgf]%éz .
) 5V (15)

O

If we define

V—Vo
Us —57 (16)
then (6) becomes
ey o Mgy B Y 2
== = = M)= — Q © \
12 ‘13@ ) Brm CY]\(;..‘T\%O * ’bF)
(17)
where
1 Ve 1
A-fe(Pz‘U?‘) dU 1f e dU
= ) 2 \
) mrL U DL
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The evaluation of /\ is straight forward as was a
similar calculation in Section IV. Placing (16) in

(13) and the result in (18) we may express it as

®

1 2 _2 1 2 _R 3| 2

A et 7 4 (e T — e dm? [Fiens - 0 p7)
v,

o

-1
+ %‘ evo m? Fl (mi ??’)

) &'::Cmi & - mt F («’)}

(19)

using the notation of III-(59). Using the tabulations

of Appendix IX, we may quickly evaluate (19) to give

j%_z [EVO(l;n2)1/§] orl J&jfé%géﬁé_ l;v_jé;i - ev-]X
P faf

o]
2.1/2 2 _\1/2 2
(14+n°) 2.0t71 p~-1 m~ . -1 ,1
5 m-co 5475 - 5— sin (5)
(14n7)
m2L92_1)1/2
- 5 (20)
2(1+m")

The partial derivative of (20) with respect to
B may now be calculated. Notice that the entire B-

dependence resides in the &y and €, terms. The "n"
0 +
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and "p" terms are functions only of the first (B-independent)
terms of the Fourier series of the magnetic fileld.
Therefore, we must first compute, from equation (12),

the partial derivatives

d€
Vo _ 1 _a_B} _ 1 (B x va)-vB] _1 (3 x vB)-wa| (21)
op B\([Z) oB Vs B\(/'Z)I_ B2 v BVO\ 2 v,
5€V = ~
‘ + _ 1 {%_g] _ 1 [(B gion)~VBj| _ 1 [(B XEVB)'Voejl (22)
Sl T2 I A R )

where we have used equation (20) of Appendix II. Placing
this in equation (20) after taking the derivative with

respect to B we obtain, after some algebra
v VN
ECRRICH RGN

sV £ i- 1}V% ESx‘VEb-‘VOC]
= 6(9) -v (5@) B ! ab@) X\ ( (o) _ bi’.

&

Q=

B* B

v+ v, ZE£? [ (D 11

- ©® I/g_
<5v+ ) ’l—'qvf
«:) - © _
-_ V+

K(b By - Lo -1] | 282

1 - H(d) |/
N léxvs.vocj _ [%xVB-Vq} Cot.l( (°’ -1 ) )
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where we have defined the function "Q" in such a way
that it will make further calculations less clumsy.

Placing the result (23) in (17) we have for the first

integral

o + Blvaleosv _ p o _ o (y gyl (24)

B

where we have replaced the value of %é— by the expression
previously quoted in equation II-(54%) (the left side),

"k" is a unitless constant defined in the same way as

was defined in IV-(82) determined by the initial conditions
of the problem, ¥ is the angle between $'and B x (e}
evaluated at the actual particle position. Equation (24)
is the corrected first integral applicable for high

rigidity particles.

C- Cutoffs Near the Egquator

It is interesting to show that the correction
term "Q" goes to zero as the observation point approaches
the equator. This is intuitively as it should be since
the particle never gets the opportunity to "drift" off
the constant o shiell upon which it starts. Referring
back to equation (23) we would like to take the 1limit as

B vy | [Bxy®. va
V+ +~VO (ie; as 86v —» O, Q(O) — 1,{§JESELEEJ — | ——s )

Vv B2
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First notice that for small values of &V, Béo)——b fBéo)
+ ()

and we may approximate

'5(" -1 = 1 bior __E>(E) ~ ' k’(\f*—vo)z VT(T <V'1‘ - %)
+ Vo - f—'ﬂEDE; Y—E_(:_Z

-]

(25)

since the magnetic field B(O) is a minimum at VO and
therefore varies with the square of the magnetic potential

in this vicinity. As a consequence of this, the term
oV

(tg0)-1)2

in Q@ becomes

COE TR (26)

as we become arbitrarily close to making 8V —& O.
This part of the expression therefore approaches a finite
limit. All that remains to be shown is that the remaining

terms (multiplying this) approach zero as &6V —» O.

1

If we Taylor expand cot — X for large values of X

it is easy to show that it approaches % . Hence, it is

clear that
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© \%
lim cot’ <5<°:]v+>

(°> 2
= lim ‘@J—> _ (27)
so-+1 (l UMD

I
O

and therefore the first term on the right hand side of

(23) is zero. Next consider the terms in the second

bracket of the second term of the right hand side of

(23). Again taking the same limit (noting that sin"! X —» X

for small values of X) we have for this bracketed term

© L
t <’(® ) o =l $V}-—J:>& )
co -1 Sin Bm _ ® \=
Lim ad - Emv 1 (2- T]v

@ ®
>(;)+—> 2‘5% ($V'|’— J—) Zv—@‘ ( (°) 1) zb(o) (532 l>|/&

/5
RS

1
:1%?1, AT ER(- D (B- )

Fe. +
v+

)

215© 1)%,

(29)
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Using the definitions in equation (12) this may be written

2, 2 2 2,2 i
bin gy 4 LU g TR AR (o0
m—pan(BmBV )2 2(p~-1)2 b 2(14n%)
p o0 o

combining the third and the first term this becomes

s 1 (l+n2)§1+m2)1p2+1 n°
m—o0 p - =
p—HoO mBVo m
or
2 2 2
; . 1 2 + +
m—soo) (5, 5°7) () p(1+ 25)(1- 5)? :
p B0 o] m P
-4
- 2,
Binonially expanding the terms (1 +.l§) 1 and (1- ig), ‘
m p

keeping the lowest order terms, (32) becomes

m —500 m 2p P

2 2 2
= Lim 1 <2+n o )(1- L+ 25)- 2 { (33)
(0)y3 D 2 2
" (Bvao )

or, multiplying out the terms and cancelling we are left

with
2+n2 n n2
= Tim 1 24N 2+n2+m P
p—Hoo o)
2, 2
- 2+r31 +m (54)
2p~’m

where we have used the fact that p = mn. Equation (34)

obviously becomes zero ("n" always remains finite) and
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therefore we have shown that, indeed Q—0 as §V—#O.

D- The Cosmic Ray Cutoff Rigidity

Returning the equation (24), we now have a

quadratic equation in "R" that may be solved yielding

the corrected version of equation II-(55). Solving we have

e
e i 172 72 +(35)
e ]

The cutoff rigidity in the direction "¥" is then obtained

from (35) by setting k = 1.38 We have
@

Rcutz_ [ 1+ {1 _ %(lvgé cos¥ | g }172;12 . (26)

The cutoff rigidity is therefore seen to be altered by
the fact that the field is not independent of B. This
correction is manifest in the term "Q". The vertical
cutoff rigidity is obtained from (36) by evaluating "Q"
at the earth's surface, and choosing "¥" as the angle
between the zenith (vertical arrival) and the B x Va
direction. For fields 1like that of Finch and Leaton7
which are basically dipole in nature we may make the
following approximations. The "exact" vertical cutoff

rigidity in the dipole field is found (as can be shown

by simple gecmetry) by setting cos¥ = 0 and Q = O in
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(36). This yields

2
) . a
Rcut.(vertlcal, dipole) = by . (37)

Since the fields which display a close to dipole symmetry
are not far from B-independent (since in this case,

BRs ¢, and the field is reasonably close to axially
symmetric) it is clear that both "Q" and cosy are small

thus indicating that

|VOL2! cosy << 1 (38)

M k™ B
EM-{% & 1 : (39)

We may further simplify the form of (36) by

defining several unitless quantities. Define

6 — 2
R, = 6.3712 x 10m a = a/(B.Ry)
B, = 0.3120 gauss Q = Qu/M
Va = R Va
L (40)
VB = R_VB
B = B/B,
¥V = V/BeRe _}

We may therefore express (36) as
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—2
3y, Befe
= ' 5 (gauss-m)

R
Cut . avhlva1v cosy
1+ - (— * + Q)

[V

Sy

¥ = (41)

]

where the subscript ”V+ means that the quantity should
be evaluated at the point on the surface of the earth.

We may further make the approximation that

aB 3
(0) P
CX(IO)= BX(]+)~ Ve (43)
+ o QB
Bvo

In addition, we may compute the mirror point as follows.
At the point of impact on the surface of the earth,

(coming in along the zenith) we compute the magnetic

moment of the particle

A -
<\€Z Pgle“ " BV+|?
¢
1A
A + (44)

— 2m B
2mOBV+ OE&+

Sy

which is the same value of magnetic moment that would

be computed at the mirror point

e - (45)
om

Equating (44) and (45) we may solve for B, as a function
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of BV as

where gn is the unit normal to the earth (in the

direction of the zenith) and eﬁﬂ is the unit vector at

the observation point in the direction of the

magnetic field. In unitless form we may therefore

i
_ « e - s |1*\2
SCE SN [ RPN E LN
a*( By - )" &© Bw 1
ac® x3
o [Ear BV, (Eox TB- Vg, |,
Bus B, (47)
B 2 .
2\ % \ e L Llorce)
Lo+ 1-|€x QB‘VJ \ sin _3—5,?* _ - % -1
2o By / ) AT % —
—a —— —
L \ a® K\ a? 5\“ By, 1 < E>V+
éxé. Pl
& Bv,] L

Equation (41) with (47) now allows us to compute the new

corrected cutoff rigidity in the vertical direction on

the earth's surface.




(VI) NUMERICAL EXAMPLE

As an example, we will now work out the exact
solution of energy-dependent shell splitting for

particles mirroring within 7 earth radii of the origin

in a field model proposed by Mead.26

B(r,0,d) = l% 82+( gg
P

+ V3 |B| scosme, )

where the first term in the two-dimensional dipole
(M =7.72 x 1010 gauss—km3 = dipole moment of the
earth), and the second term is due to surface currents
in the magnetosphere (ég =2.515 x 10_4 gauss, é% =
1.215 x 10_5 gauss/km). The coordinate system is shown
in Figure 10,
We will first proceed to find an a and B describing
the field of equation (1). Since the magnetic field is

uniform in the "

z" direction (along the lines of force)
we may choose our a as any function of this constant
magnetic field intensity. In particular, let us choose
it the particular function
5.1/3
a = (3) (2)

We may also choose V to be, simply

V =z (3)

109
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figure 10
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and

b =3B . (4)

It is much clearer to write everything that

follows in a unitless form. To obtain this result we

define

= 5
= B/I’eBe

Q] ™|
I
Q
R

o|
m
[
Q]

oy
Il
mﬁ&hg

o™

4

ry

oa |
N

where "r_ " is the earth radius (6317.2 km). (1) and

(2) then become
B(p,¥) = B, 1/53 +a + bp cosg| @& (6)

| 1/3
5(5.9) =E/53 tatvp ¢:| NS

"8" may be computed by solving the partial
differential equation I-(4) using (6), (7) above.

That is, the solution to
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b cos ¢
P

&
+

5|@/ B0+ e+ v cost| PP = | -3/ 7+

e

The solution to (8) can be quickly found by the
we must solve the

(8)

method of characteristics, ie.

differential equation

gg - b sin ¢ ;
d 5 b cos @ :
- %5 + . (9)

P

The solution to this equation is not difficult to find

and is given by

L+ upcos g =k (10)
p

The solution to (8) is then

where "k" is a constant.

given by
5k + a)2/2 512 ag

AR R e VA L (11)

where p' is the solution of (10), and f(k) is an

arbitrary function of "k",

Equations (3), (4), (7), and (11) are thus a
The trapped

complete description of the field (6)




113.

radiation shells, to the first order, are given by

a@ = constant. However, because of the correction term,

the invariant shells split as a function of energy, and

the corrected expression is given by equation IV—(14). Te:

(1) (11)
TN TS R

. - a'. = D
a + aci Vo a; Vac 2y
where
a0 A
=~ _mc Vv X B
4. T g 2
9 B
V. x B
> _me D%
c ~ 2q B (12)
¢
$~ _uc BC b'e VBC
D qv e )
c
- —_—
VD being the drift velocity, a, the Larmour radius, and

o)

é an equivalent distance much smaller than the Larmour

[ | !
radius because IVDi K lv . Whey applying the above tc

trapped radiation, we will be considering particles of
sufficiently low rigidity that we may neglect second
and higher derivatives of "a" when expanding it about
the instantaneous position of the particle to obtain
its value at the guiding center. That is, term (i)

of (12) is given approximately as the value of a

c
at the guiding center.
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Term (ii) of (12), after some algebra, can be shown to be

(11) = - ¢ R : (13)

This term over a is of order the square of the second
term of (i) of (12) over a and is therefore a small
correction to the fact that (i) is the value of a at
the guiding center, yet it 1is 1argér than the next
(second derivative) term in the Taylor Series expansion
which is neglected when approximating (i) by a,. 8o
indeed, the new equation predicting invariant shells
becomes

-

: \
a Va
c =2y . (1%)

3 c
a 1 - iy
a
c

For the given field model, we may now evaluate
the space curves that (14) predicts. Placing (6),

(7) and (12) in (14%) we have the result

1, ii(%jﬁ”bl- (%)wi‘?)} - 2k,
¢ 12 e (-}-;ﬁ a+ b(?coscp) (15)

=1

where kl =3 s rRB is the ratio of the Larmour radius
e e e

at the earth's surface and the radius of the earth (very
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small indeed), a = 8.09 x 10_4, b = 6.78 x 10-5 and

r, = the earth's radius = 6.3172 x 109 cm.

That the second term on the left-hand side of
(15) is small compared to unity may be shown as follows.
The bracketed part of the second term of (15) is always
smaller than about 10 whenever 7 2 p > 1, so that the

R/B

second term is of order For relativistic

e
particles, the relationship between rigidity and energy

is given by

1+ )2 21

T]:
where
n = ——Eg
m_C (16)
o)
R
g = ——
(mocg)/q

so that if we select an unusually high rigidity particle,

say 10 bv, which, using (16), cipresponds to about 10 bev
R/B

e;y 0.05, and henceé’

electrons or protons, we find
the correction term in (15) is'og order 0.0025. It
follows that we may safely expand the terms in (15) with
the binomial expansion and obtain as a result (keeping

the lowest order terms)

e ] ET Bt o
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Incidentally, that 10 bv is a very large overestimate
and therefore overly pessimistic is seen by noting that

observed trapped radiation energies are given belowl9.

TABLE I
Electrons: 20-600 Kev inner-Van Allen belts
40-200 Kev outer-Van Allen belts
7-8 Bev Cosmic Rays
Protons: 40 Mev inner-Van Allen belts
30- 60 Mev outer-Van Allen belts
7- 8 Bev Cosmic Rays

Incidentally, note: 1Bv = 3.3352 x 106 gauss-cm.

To demonstrate the change in invariant surfaces
that (17) predicts we will now compute the approximate
invariant surfaces for two particles both starting at

g
R

900 and the same equatorial radius but one with

0 and the other for R = 10 bv, an unusually high
rigidity for trapped radiation. All other trapped
particles will have, respectively, invariant shells
which fall within these limits.

First define

P (90°) =", (18)
and ER(d) such that

(7)) = P (1 + () (19)
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where p () is the solution to (17). The facility in
such definitions is clear from the fact that, for

72 p 2 1 the invariant surfaces are not far from

circles of radius Eb

In the case R = 0, we have

[?O?¢§] s +a+ b(p° (%) )cosd = constant (20)

for the invariant shells. The constant is evaluated by

placing the initial condition that p°(¢) = po When ¢ =
O

90~. (20) then becomes

SRR BT R AR

Placing (19) in (21) expanding binomially and keeping

the lowest order terms in eo(ﬁ) we find

L) = 5200l (22)
= - b cosd
pO

which predicts the invariant surfaces

-—

AONAR

1 _— b—o"‘
%a«c%q) ] ) f,,(l + -éﬂcOscD ' (23)

On the other hand, we may return to (17), utilizing
the result (23) to derive an expression for eR(¢)

corresponding to a particle of rigidity "R" having its
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guiding center start at the same position as the particle
R = 0. Under the circumstances of this boundary condition,

we may evaluate the constant 2k, in (17) to be

1
L e
‘?3 + a.l
2.K1: L. L P\/5¢>2 % TR . (2h)
12\ Te ’

Placing (19) and (24) in (17) we have, putting the

equation in unitless form

A

- - R
[LJrG_Ra,b)]s + % + b(L+e"W) cosd

‘{ l( aa(i+(b> H

A+

{ﬁ 3;{)(1_-{,}3 —bCo%dJ) (25)

(1+ 2+ beosg)®

where

o]
il
©
°
o)

ol

il

o
°
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Since "£°" and "e (#)" are going to always be much
smaller than unity, we may binomially expand (25) in
both € (¢) and "f°". As a result, after some tedious

algebra, we obtain keeping terms linear in eR(¢) and

1" zg 1"

~éﬂi+®j Sy

R o
-0 Lo g oerllc s gty

.(26)

We may still further simplify this expression by noting
that over the range 7 » p ) 1 the maximum value of a
is 0.28 and that of b is 0.16 thus allowing us to make
further binomial expansions in the parameters a and Db.
However, in this case we must keep more than the linear
terms and arbitrarily cut off the expansions when we
make a 5% error or less. The result of more tedious

algebra is then

=) - ) = B Esbm- S3+ 2a] [ ] cosd .
(27)

We may infer from (27) that the energy dependence of

the shells is small because of the multiplicative (BRr )2
e e
term. Furthermore, the term ”52” becomes smaller and

smaller as the initial starting point on the shell is
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reduced (closer to the earth's surface) so that the
splitting goes something like the third power of the
distance from the center of the earth. To further get
an understanding of the orders of magnitude involved see
the plots in figures 11 and 12. It is clear that the
splitting due to energy is very small. Comparing the
two figures we see that the first order correction of
Rayl gives invariant surfaces which diverge from the
circular dipole invariant surfaces by about 3000 km

for a 20 bv particle at Eb = 7. However, the splitting
of this shell is less than 1 kilometer at 7 earth radii

for the most energetic particles considered.
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(VIT) NUMERICAL CALCULATIONS

The Cornell Control-Data computer was employed

15 and

to map several Invariant Shells in the Hones
Mead26 models of the distorted solar wind cavity (using
equation III-(83)) as well as correcting several
predicted Cosmic-Ray cut-off rigidities {using equation
V-(41)) in a Finch and Leaton! model.

We will now describe, in detail, the computer
code used to obtain the numerical results. We will
start by explaining the function of the subroutines and

then go into detail about the main programs.

A- The Subroutines

(1) MAGNET:

The subrcutine MAGNET includes all the magnetic
field models of the earth we will be dealing with.
While the models of the Dipole and that of Hones are
explicitly represented, because they may be expressed
simply, those of Mead and Finch and Leaton are tabulated
as Spherical Haymonic expansions. The parameter "KONST"
selects the field model desired. The input is the
position in space (REQ, TEQ, PEQ) and the corresponding
output, for the chosen field model, is the magnetic
scalar potential "X'", the components of the magnetic
field at the same point BR, BT, BF and its magnitude BB.
The spherical harmonic expansions are taken from II-(10)
and II-(16). Tabulations of the terms of these equations

123
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are given in Appendix VII while the corresponding Gaussian
Coefficients have been tabulated in Appendix VIII.

(ii) RUNKT and DERITV:

The subroutine RUNKT, as its name implies, employs
a Runge—Kutta48 technique for the solution of differential
equations. The equations given by

dr Br(r’9’¢)

ds ~ B(r,8.8) (1)

3e B@(r;9:¢)

ds T B(r,e,%) (2)

By(r,0,%)
%% - rgsine B(r,0,%) (3)

for the lines of force are housed in the subroutine

DERITV which is called from RUNKT. Given the input

point (YY(1),YY(2),YY(3)) and a running length along a

line of force (denoted by "s" in (1) to (%)) a neighboring
point "ds" away on the same line of force is then computed
using the Runge-Kutta Taylor Series expansion techniqgue.

The output of RUNKT is given by the same (YY(1),YY(2),YY(3))
which‘now have the new values of the neighboring point

on the same line. 'The input parameter KONST in this

subroutine selects the field model which 1is called in DERITV.
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(iii) LINESB :

The subroutine LINESB is designed to trace out
lines of force from the magnetic equator to a given
mirror point. The equatorial input point (RIN,TIN,PIN)
given, the subroutine will trace out a line of force in
the field determined by KONST until the mirror point
determined by the parameter INPUT is reached. "INPUT"

i1s so designed to allow the tracing to stop when either

the mirror colatitude, {(TPR1) the mirror magnetic scalar
potential, (XPR1l) or the mirror magnetic field magnitude
1s attained. (BBPRl) The step size is given by the
input parameter DEQL. A "hunting" technique is employed
to zero in on the given mirror point parameter (ie:
DEQl is decreased during the last steps of the tracing
of the line until the given mirror point is reached
within a given percent error). The parameter LCTMAX
limits the number of steps taken during the tracing of
a line to guarantee that we stay away from very long
lines near the polar regions.

(iv) ALPHAR:

Given an input point (RIN,TIN,PIN), a step-length
DEQ and a magnetic field model KONST, the subroutine
ALPHAR will trace the line of force passing through it
until it reaches the magnetic equator where it again
"hunts in" and computes the value of "a" corresponding

to that line (defined as a function of the magnetic
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field at the equator). The output appears as the value
of the magnetic equator's position, (RMIN, TMIN, PMIN)

magnetic scalar potential, (VMIN) and field value (BMIN)

at this minimum point where "a" is computed. The subroutine
)¢ P

ALPHAR calls MAGNET, and RUNKT. ALPHA is the value of

"a" for that input point.

(v) DLNVDA:

The subroutine DLVDA computes the value of %vx

%%K on the line passing through the given input

a
point © (REQ,TEQ,PEQ); where AV is the change in the

magnetic scalar potential from the input point to its

conjugate point in the other hemisphere, g%z is the
a

0
change in "AV" with "a", evaluated at the line passing
through the input point. VPLU and VMNU are the values

of the magnetic scalar potential at the input and its

conjugate point, BMIRR is the corresponding magnetic

1 OAV

field and QUOT is the output Y da Again, DEQA4

a "
is the step-size and KONST the input figld model selection.
(vi) GRADB:
GRADB, as its name implies evaluates the gradient
of B at the input point (R,T,P). The increments determining
the neighboring point from which the derivatives are
obtained are given by (EPSR,EPST,EPSP), while the components
of the gradient are given by (DELBR,DELBT,DELBP), and the
magnitude denoted by ADELB. The definition of the

derivative is used to compute this gradient in GRADB.
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(vii) GRADAL:

In a similar way GRADAL computes the gradient of
"a" at a given input point (R,T,P). The only difference
is that, whereas in GRADB increments in MAGNET were
taken to generate derivatives, now we must take incre-

ments in "a"; which calls the subroutine ALPHAR. Again,

the increments in position are given by (EPSR,EPST,EPSP)

and the step-size needed when computing "a" at neighboring

points is given by DEQ2. The fundamental definition of
the derivative 1s used as the computational technique
in the subroutine yielding the output of (DELAR,DELAT,
DELAP,ADELA) which are the components and magnitude of
the gradient of "a".

(viii) CONSTA:

The subroutine CONSTA maps curves of constant
"a" in the equitorial plane. Placing an input point
into the subroutine (RINIT,TINIT,PINIT) and selecting a
new value of azimuth "d¢" away (DALTP) the code proceeds
to "hunt" in the same input equitorial plane until it
zeros in on the same value of "a'" as the input point.
The increment of "radial hunt" is given by DALTR. Again
KONST selects the model, DEQ5 the step-length when

computing "a" and LCTMAX the maximum number of steps.

(ix) NWALPR:

Given the input point (RR1,TT1,PP1l) and the corres-

ponding (ALPHL) and new value of "ay" (ALPHN) at a new
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value of azimuth "3dg" from the first value, the subroutine
NWALPR computes the pésition of the point in the magnetic
equitorial plane where the value of "a" is ALPHN. A
hunting technique similar to that used 1n CONSTA
determines the new point, within a given percentage

error in the true value of ALPHN compared to the calcu-
lated value from the newly found point. The new point

has the coordinates (R2,T2,P2). DELTR is the radial
"munt" increment and KONST,LCTMAX,DEQ have the same
meanings given previously.

(x) LANDI, LINES, INTEG, CARMEL, START:

The subroutine LANDI performs two functions, given
the input point (R,T,P) and the field model KONST. It
will compute the corresponding McIlwain "L" parameter
for that point and the Integral Invariant "I" for that
point. LANDI calls the remaining subroutines LINES,
INTEG,CARMEL, and START. All subroutines call MAGNET.
Except for some slight modifications in the input-output

sequence, this group of subrcutines was borrowed from

4 5‘
McIlwain.”> It has been treated essentially as a

"Black Box".
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B- Plots of Trapped Particle Shells

Invariant shells are mapped for the Hones and Mead
models of the magnetosphere as follows.

Several "starting points" are selected in the
equitorial plane and in the sub-solar direction. For
each starting point a set of mirror points (in latitude)
and rigidities is selected.

First, consider that set of particles that mirror
at the magnetic equator. For each starting point an
azimuthally neighboring point is located in the equatorial
plane (call CONSTA) and the "va" is calculated. From
this azimuthally neighboring point the next point is
located, in the same manner, and the calculation repeated
until we cover 27 radians in azimuth. For each rigidity
and azimuthal point equation IV-(82) is solved for the

", The results are fed

new (corrected) value of "a (&)
into the subroutine NWALPR which locates the equitorial
crossing of the new (corrected) invariant shells. The
output is then the corrected invariant shells, as a
function of rigidity, for various radial distances from
the earth.

Second, consider the set of particles that mirror
at latitudes higher than the earth's magnetic equator.
At the same starting points given above, the magnitude

of the magnetic field and its assoclated magnetic scalar

potential are computed for several mirror latitudes
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along the line of force passing through these points.

At each mirror point %V' %%Y.ao is computed (calling DLNVDA).
Following the same procedure'given on the previous page,
other azimuthal points are located on constant "a"
curves (in the equitorial plane) and the lines of force
through these points are used (call LINESH ) to compute
the values BV+ which correspond to the same magnetic
scalar potentials located on the starting lines. After
this is repeated for all values of azimuth the results
are placed in equation IV-(83) from which is computed
the "new" value of ”ac(¢)”. Again this is placed in
NWALPR and the equitorial crossings of the new invariant
shells are calculated. The new invariant shells through
each starting point are split as a function of mirror
point.

The results of the latter calculation are compared
with the Integral Invariant and McIlwains "L" parameter
as follows. Through each of the starting points and
for each value of the mirror point, the value of "L"
and "I" are computed (call LANDI). The equatorial
crossing of the surfaces predicted by the constancy of
these "invariants" are then computed and tabulated.

A comparison of the previous computed results and these

values is then tabulated.
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C- Corrections to Cosmic Ray Cut-Offs

Selecting several points on the surface of the
earth, the vertical cut-off rigidity is computed with
the aid of equation VI-(4#1). The subroutines which are
called are ALPHAR, MAGNET, GRADAL and GRADB (and the
respective subroutines which they call). The results
of the computation of the above equation are then compared
with the results of Shea, Dropkin, Ray. All rigidities

are expressed in Bv (Billion-volts).

D- The Results

(i) Invariant Magnetic Shells

26

The two magnetosphere models of Hones]‘5 and Mead
are used as approximate models of the earth's field. The
direction of the sun in the earth-sun line is chosen in
the gx direction while the direction of the north star
is chosen as the éz directicn. The Qy direction is then
out of the paper (see figures 13 and 14). 1In Figure 13
we plot the lines of force of the Hones field in the x-z
plane, while in Figure 14 we plot the same for the Mead
field. Superimpcsed on each figures are the lines of
force of the dipole component of the geomagnetic field.
Both figures are modifications of figures appearing in
the Journal of Geophysical Research. Exact mathematical
expressions for both field mcdels are given in Appendix

VIII. (The earth's dipole points south).
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The results of computer calculations on the Cornell-
Control Data 1604 computer are shown in figures 15
through 34.

For both field models, "initial" lines of force
were selected in the sub-solar direction (#=180°) which
intersected the equator at r = 2, 8, 14, 20, 26 earth
radii. (In these models the magnetic equator is
"f1at" and coincident with the geometrical equator.)

For each initial line of force, mirror points were

0O 0O

selected at A = 80°, 50°, 259, 0° except the lines

passing through r = 2 where we choose %m = 500, BOO,

¢}

15°, 0o°.

At each initial line of force and for each
mirror point, equation III-(B3) was used to compute .

The equation then was used to map out the invariant

”hc" shells which are now not constant-a shells. Since
both field models are symmetrical about the x-z plane,

the invariant shells are similarly symmetrical so that

the figures 15 through 34 only show half of the magneto-
sphere. The intersections of constant - hC surfaces with
the equator is then plotted for each initial mirror

point, line of force, and model. Superimposed on the
constant - h, plots are (a) the equatorial intersection

of constant I (Integral invariant surfaces), and (b)

the equatorial intersections of the a, = constant surfaces
which arise from the zeroth order first integral solution.

Associated with each integral invariant surface, there
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corresponds for the same mirror point, a constant L
parameter. Therefore, the integral invariant surfaces
are labled with the "L" parameters also. All abcissa's
are in degrees, and r, ac, L, I and hc are in earth radii.

The integral invariant shells are seen to diverge
further and further from the a, = constant shells as
(a) the initial line of force is a greater distance from
the earth in the subsolar direction and (b) the mirror
point of the trapped particle is at a higher latitude
for a fixed initial starting line at ¢ = 180°. When the
first order correction is used, hc=constant, it brings
the new predicted invariant surface within 7% of the
constant I surface.

For a given initial line, as the mirror pcint is
increased it is seen that the McIlwain<2 "L" parameter
remains constant to within 6% only closer than 7 earth
radii to the earth. As distances are increased in the
subsolar direction, L becomes a strong function of
mirror point varying as much as 55% along the same line
of force in the tail of the magnetosphere (about 26 earth
radii out). That L should be approximately constant along
a line of force is much poorer an approximation than the
fact that a, is an approximate constant as a function
of particle mirror point. We see from the figures that
hC = constant (the first order correction to @, =constant)
surfaces only split to a maximum of 5% in the 26 earth
radii tail of the magnetospheric models. Notice that

this argument remains valid so long as the invariant sur-
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faces remain within the magnetospheric boundary. Once
the invariant surfaces pass beyond this point the shell
concept loses meaning. That the McIlwain parameter
does not remain even close to approximately constant (3;50%)
as a function of mirror point in the tail of the mag-
netosphere is not very surprising. McIlwain showed that
there exists a relationship between L and I which depends
on Bm' Since his analysis defined L like RD of the di-
pole field, there no reason to think that figlds that
severely diverge from the dipole have an equitorial
parameter which remains constant as a function of the
mirror point along a line of force.

The equatorial energy splitting is of the order

lO—4 earth radii for up to 500 mev particles and is there-

fore not shown in these figures.

(ii) Cosmic Ray Cutoffs

The vertical cutoff rigidity of Cosmic Rays was
calculated at various locations on the surface of the
earth using equation V-(41) in a Finch and Leaton! field
model. The calculations were performed on the Cornell
Control-Data 1604 computer. The results are tabulated
in Table II along with those results of Ray, Shea46, Dropkin,
Quenby and Wenk-! and modified rigidities for the I.G.Y.
Shea'su6 results were found by simulating the trajec-
tories of charged particles on a computer using the Finch and

Leaton7 field model. Ray obtained his
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results by, first, using

_ 14.9

Rvert. cutoff ~ L2 (1)

where "L" is the McIlwain parameter calculated at
the point, on the surface of the earth, of impact.

Second, and more correctly, then by using

_1k.9  1k4.9
Riert. cutorr = o & —— (1 -

L L
c

P
a-

Sa.vL) (2)

where now Lc is computed at the guiding center of the
particle at the time of impact. Dropkin, again, simulated
particle trajectories at the Goddard Space Flight Center
and computed cutoffs from Stdrmer Theory.

In Table III the percent disagreement between
the present results and those found by other authors
has been tabulated. It will be noticed that the present
cutoffs best agree with the results of Shea46 and
Quenby and Wenk37, and least agree with the results by

Dropkin. Particularly poor agreement is found at

Brisbane.
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(VII1) NECESSARY CONDITIONS FOR

THE EXISTENCE OF A ST@RMER INTEGRAL

We will now derive the set of necessary conditions
that a static magnetic field must satisfy in order that
a Stdrmer Integra138 exists. That is, we will derive the
set of conditions that must be satisfied by the magnetic
field such that there exists an a, B describing the
field, that leads to the conservation equation (or
first integral)

d(a + a.va)
dat

=0 (1)

where

a, = T xB . (2)

A consequence of (1) will be that a_ (at the guiding
center) will be a constant of motion for sufficiently
low rigidity par‘ticles.l

Let us proceed as follows. For a given magnetic
field, ﬁ, select any convenient function which is constant

along lines of force and call it "a".

From the partial
differential eguations

—

B = Va x VB (3)

we may then solve (in principle) for the corresponding

"g", Furthermore from the partial differential equations
T o=w (%)
we may solve for the corresponding "V'". We now have a

description of the field in terms of a, B, V. We further

150
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assume that this description has led to a ncon-vanishing
%gi , and hence the corresponding canonical momentum
pB is not a constant of the motion.

If there exists another description of the same
magnetic field a, B, V such that pB-is a constant of the
motion it must be obtainable from the old description

by a point transformation (canonical):

a = a(a,B,V) (5)
B = P(a,8,V) (6)
V = T(a,8,V) (7)

which is clear since all fields must be described in
terms of coordinates only.

Assume that we have found such a description

oL

a, B, V and =2 = 0. The necessary and sufficient
3B

conditions for this are

21val® _alvBl® _ B, (®)
oB oB op

Intuitively @ and B in (5), (6) cannot depend on "V"
because they must be constant functicns along lines of
force. Although o, P are constants along a line, V is
not, and any dependence of our new a, B on it would
destroy its invariance. We may prove this more
rigorously as follows. From (5)-(7) and the chain rule

we have
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— _ da da a
VOL=F3\70L+5%VB+%%-_§ (9)
v’é—g%w+g%ve+g%§ (10)

oV oV oV

SEVOL+8B—VB+W—§ (11)

oo} 2
1]
3
1]

— — S
Since Va, VB, Va, and VB are perpendicular to B, we

may dot B into both sides of (9) and (10) giving

@ - B - o . (12)

Furthermore, we may satisfy (11) by simply making

the identity transformation for V, ie:
T = VvV . (13)

However, o and P must, in addition satisfy the same

equation (3). Using (9) and (10) we then must have

§=vaxv5=(%% %%—%% %%)Vaxvs (14)
so that the Lagrange Bracket (Jacobian) of the trans-

formation must be unity.

B g]aa - J{;:;g} -1 . (8)

We conclude that, if a transformation exists that
takes a, B, v,géi # 0 to a,B,V, %5}‘ = O then it must

necessarily satisfy




153.

a = af(a,B) (16)
B = E(asﬁ) (17)
V = v (selected) (18)

The necessary and sufficient conditions on the
magnetic field can now be obtained from (8). First,
consider the function V¥(a,B,V). From (16)-(18) we then

have, by the chain rule

ov(a,B,V) _ Q¥ oa . ¥ 9B . (20)
5B 3 P B
We may now express §% s é% s é% s é% in terms of
OB da 3z OB
aa 85 BE 5,—8— ™ I Fhia we aim é_
3B ° 397 Sg’ 35 To do this we simply take aB'Of both

sides of (16), (17) yielding

o = 92 oo oo oB
%@ 55 P 3B
(21)
OB da OB 3B
1 = o ob
% 55 9F

B
)

Using Cramer's rule and (19) then gives
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oa _ _ oa
B P

_ (22)
B _ oa

da

3B
whereupon placing this result back in (20) expresses

the partial derivative of ¥(a,B,V) with respect to B,

by its partial derivatives with respect to a and B.

- [59] (23)

From (9) and (10) we then have

It follows

% [

|v5|2=(g%)2‘w|2 ) |va| +2? %‘g(w -VB) (24)
|v6|2=(§)2|v@|2 BB 2|v5l2+2y %%(Va-\Yg‘-) . (25)

Placing these in (8), using (» ), we have the conditions

doa da  da
[a, 2)%| va |2 )2|v5|2+2(w-vs)y§ ;%:] e 0 (26)

[%;(32)2‘va|2+ ) IVB'Q (va- VB)S—- %g 3 5= 0 (27)
[&,B] 0B = 0 (28)
z_&,é] . = 1 . (29)
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We may rearrange (26)-(28) into another form by noting

the Poisson12 Bracket Eé’%]a B= 0O and [?,é]a B= 0
3 3

imply [;’é]a 8= 0.36 We may then replace (26) to (28) by
Q2 2.,,00,2 2 a da
B, (5307 [v0] *+(§)° | we| e (wa-vo)E S5| =0 ©0)
a,
B dB\2 2. ,0B\2 2 3B aj
B,(-G—S) | vo +(§E—) lva' +2(va- vB)3E 5% .- 0 (1)
a,
B’é} a,B 0 (22)

Our first condition on the magnetic field can be obtalned

by combining (30) and (32). Solving (32) for g% in terms

da OB 0B . .
of S35 55 » and gﬁ-and replacing the result in (30),

we have, after some algebra

(%)ﬂwl%(%&)ﬂvs} 2+(w.\75)% %3 5o
B (OB\2 ) (55) =0
L (m) O':B'— \
(53)

If we define a unit vector @B in the'§ direction and

use the chain rule on B{a,Bp,V) we have the identity

¢ =|ve|?-(8p-v8)° = (32)°|va| +(35)7 8| “+(va- )2 S (34)

which we may replace in (33) to give

B, ¢ W = 0 . (35)
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Now, expanding the Poisson Bracket (35), yields12

(aE 2 da 2 da\2
8¢ 3o . SR DG~ I
€ B2 = |B.¢ 57 t & |Boee| =0
5&) a.p (55) (32
a,p a,p
(26)

However, the second term on the right hand side of (36)

is zero. This can be shown by, again, expanding it, 1e:

0Q4\2

(35 a -
B35 = (£2)? |5, +sEr |36

Ga) |a.p o, (Sa ) a,p

(37)
That the second term on the right of (37) Jjust cancels

the first is clear from the following

5,22 =208 |82 =28 >[ 9(8) -
o, B %P
20—
OB 37«

Now take %9 from (32) and place it into (38) to give

B
o 3o 3a|3B[" OB 32 0 B 32

da

3312 3%y ) OB dx %g 3B 3%a 3B o4
B:(Sa) =2< )
a,B
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The right hand side of (39) is equal and opposite to
the first term on the right hand side of (37). Hence

our first condition takes the form

B, |vB|® - (& - B)° -0 . (40)
a,p

Recall the equivalences cited in Appendix IT,

B
%I‘E‘VB—B%—_'V (41)
§ ol
%BE B;‘V LV (42)

Our condition (40) then takes the form

(38 Xgﬁ-VB)(ﬁ x ga'v_(IVBIE-(%—g'VB)g)>
B

BV s VB \ [y x B-v( |vB]| - (8x -¥B)°)) oy
..( = )( 5 (' I ( B J }) =0 . (43)
This condition may be reduced to a much simpler form
after a great deal of vector algebra and use of (3).

The result 1is

(B x vB)-v { |vB|°- (85 -vB)°} =0

or (44)
€y x VB - v [é; x VBI =0
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This is the sufficient condition we have been seeking.
The magnetic field which satisfies this condition has,
as a consequence, a representation a, B, V of such a

30X

form that 22~ = 0. The receipé for finding such a
representai?on is as follows. Define any "a", say, as
some function of the minimum value of magnetic field
along a line of force of the field. Solve equation (3)
which gives us the corresponding value of B. We may
now invert these expressions to give, say, the cartesian
coordinates as a function of a, B, V. Then all the
field variables ﬁ; Va, VB, may be similarly expressed.
From equation (32) we may now solve for a(a,p) which
may then be transformed to a(x,y,z), and from (31)
we may now solve for E(Q,B) which similarly be trans-
formed to B(x,y,z). The new a, B just found in addition
to V = V are our new representation which lead to a
Lagrangian that is independent of ﬁg

An example of a field that satisfies (44) is
the dipole field I-(48) for the term B x VB is in the
@ direction so that %@ of the curly bracket is zero,
which of course is as it must be since all variables

within the bracket are independent of ¢ and therefore

have a zero derivative with respect to .




APPENDICES



APPENDIX - T

The Lagrangian for a relativistic charged particle

in a static magnetic field is given by12

2
v
b

0 2 gA-v
4( = - — ¢c° + 22— (1)
r ¥ ¢
where

v = 1

- 2,1/2

(1-8%)"/

B = v/c
m, = rest mass
A = magnetic vector potential
g = charge (cgs units)

¢ = speed of light

v = velocity
We will now proceed to show that the equations
of motion arising from (1) are the same as those arising

from the Lagrangian

(2)

where
m = mJy = mass = constant of the motion
provided we treat m as a constant (ie: m = 0).

Since (1) and (2) differ only in the first term

160
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on the right hand side, which is strictly a function of

speed, we may rewrite both equations as

e
r © c

{ -

It is then clear from (1'), (2') that

' 2 —_—— .
% L = m cPa- LV g3 (1)

i g(x,7) . (27)

o

sdr a3k at(ET)

Bxi - Bxi - axi

i=1,2,5 (3)

SO we must proceed to show

g [ad g tad o
. ﬁ%‘—}d—t{é‘“] b e )

in order that Lagranges eguations be equivalent.
Since Xi is no more than Vi, we may now form,

from (1'),(2")

aé[r _ MoV L 3E(%,9)

A (l-v2/62)1/2 vy . (5)
dL dE (X, 7)

Sv, - ™M1 LT (6)

The time derivatives of (5), (6) become

- 4 aﬂ S S R € O R [Bécm}
at | 3V (L= V¥%e)z dt| ov;

(10)
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3L m \-fi 3,9
%% {Bv. X - (1-v2/:2)1/9 + 3— [%Si__l} : (11)

1

The only difference between (10) and (11) is in
the term

2, 2,-1/2
o v, 4(-v /c)
o 1 dt

(12)

but this term is clearly zero since the speed of particle
in a static magnetic field is constant, and thus the

time derivative in (12) is zero. Hence the Lagranges
equations coming from (1'), (2') are equivalent and we
may replace (1) by (2) provided 'm' is treated as a

constant (ie: m = 0).
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We will now proceed to compute the Lagrangian,
in$;f B, V cocrdinate system, for a charged particle
in a static magnetic field. The derivation fills in
the omitted steps in the paper by Ray.58

From a previous Appendix we have established the

Lagrangian of such a particle as

J =

where m = mov and is a constant of the motion.

C

N

Let
(2)
T]1=0‘ 7]2:6 T]3=Vn

We have a point transformation relating the gifs to

the 7.'s. Te:

J
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Furthermore the remaining term takes the form

3 . 3 5 aE' *
Qv =92 5" ae, =4 37 > A L . .(6
(¢4 C i=1 1°1 C i=1 J=l 1 STIJ J ( )

J=1 J/:j_ A= NZJ ”I\j J:l L= anj
(7)
where now A is considered a function of n, only. All

d¢ J
that remains is to express the Sﬁi 's in terms of the
b

On,
Bﬁa 's. This can be done as follows. By the chain
bl

rule, we obtain from (3)

)
ag, = Z%ﬁ—:— an, i=1,2,3 (8)
j=1

or, conversely

57]-:
dng = E gz-i;—— déj, . it =1,2,3 (9)
jr=1

3 3 . . .
dg; = 2 lz qul- gg:} 4%y o
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However, because the 51 are independent variables, in

(10) we must have

= 3 -
2. on; S T Cug Lo
=1

1,2,3

(11)

The solution to these 9 equations (11), is given

by Cramer's Rule as

[anm oL
Bég: 9%, 9%,

T 27k
aém th

]

s Z’éliél 2ms _ 21y 21,

p-1 S

where 1,m,n and i, Jj.,k,

numbers.

9%q 05y

08,4 9%,

(12)

independently take on cyclic

Also g and r are cyclic permutations of p.

Employing (12) we then find, omitting some algebra

oy _
OxX _ EBX oy _ EBy
RY 2 EE—' Y2 gg—

Tet us now define the matriy element

(Ve X'§)y
da 2 a2

(vp X'ﬁ)z
—F ()
(§ X Va)z
- (130)
(13c)

T.., as
Jd



where i,j,k; i',J',k'; 1,m,n; p,q,r are to be taken in
cyclid order. The elements of (14) may then be evaluated

(we have used facts that Va x VB = §) and tabulated as

follows
2
Ivgl _ (v@évs) 0
B B
T _ _ (va-vB) lVa|2 0 (15)
2 2
B B
e
0 0 ==
B2

Furthermore, we may, in the same manner evaluate

of, E-(vB x B) < o€, A (va x B)
A 1= 5 = 03 21_ = = a;

e

- A =
i Ja i 3B 2
i=1 B i=1 B
5 3¢
A, °51 _TA-B
Z_ lw_l_z%_=o, (16)
i=1 B

Placing (15) and (16) back into equation (7)

we thus finally obtain
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2 2 —2
v 2, lwv -2 (Va-vB) - -0
L-3| Bl g amm g +<”"—2>v]
B
+ 3 ap : (17)

In equation (17) the mass 'm' is the relativistic
mass, and all variables are assumed a function of
a, B, V. The gradients of a, B, V may be performed in,
say, a cartesian system of coordinates and then substitute
equation (3) into the result.

The previocus derivation may, in addition, be
applied to derive the following relations between
derivatives in the cartesian/spherical coordinate
system to that of the a, B, V system.

Consider the function f(?). Let us proceed to
compute the partial derivatives %gy %éy %%. We have, by

the chain rule,

>F 5 ar  9%;
= = (18)
ony 3=1 BEJ ony

Therefore we may now substitute (12) (or (13)) in (18),

where upon we have, after some algebra, the result

df _ (vB x B)-vf

= (19)
3f _ (B x va)-vf (20)
3B B2 |
g%; = B_]S_E . : (21}
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(19) thru (20) are very useful in simplifying

rather large vector expressions.
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We will now show that it is always possible to
find a vector potential to describe out static magnetic
field that satisfies the gauge R-B = 0.38
Consider any arbitrary vector potential At satisfying
B=vxA (1)
which is no more than a set of three partial differential
equations from which B can be obtained given B, However,
the vector function A' is not unique. Define an arbitrary
function Y such that
A=A"+VY . (2)
Obviously37 A also satisfies (1), and we may further
make the restriction that
BB =0 (3)
whence from (1) we have

= A e
AB=0 = A'""B +

twl

VY . (4)
Equation (4#) is a partial differential equation for
'Y' which, once satisfied, can be used back in (2)

to generate the vector potential A which satisfies

the desired gauge (3).
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The following relationship was noted by HassitlB.
A slightly different proof is given below.
Consider the coordinate system set up at any
arbitrary point in space shown in figure 35.
We have
V8B = 0 (1)
therefore VB must lie in the Va,'ﬁ x Vo plane. However,
the change in B in any arbitrary direction,'ag, is given by
ap = vp-ds . (2)

If we choose EE in the'ﬁ x Va direction ie.

then (2) becomes

_ VB (B x Va) B
B = “FYea] ds o] ds . (%)

We may therefore calculate the total change in

B8 between two points in space by integrating the function

B
Ival

the curve traced out by the curve formed 1n the g‘x \Y/e}

(expressed in, say, cartesian coordinates) along

direction. The obvious advantage of this, is that we
now have a recipe' for computing changes in f, which is
normally a very complicated solution to a set of partial

differential equations.
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(4]

figure 35
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In this appendix we will prove the assertion38

that a field with no variation of magnetic field along
lines of force lends itself to choosing a = f(B),
that is a function only of the magnitude of the magnetic
field intensity. The proof is as follows:
Assume
| E = B(x,y)e, - (1)
a and B must then satisfy
Va x VB = B(X,y)gz . (2)
However, because of our above assumption a, 1in addition,
must satisfy
a = f(B) . (3)
Placing (3) in (2), gives us the set of partial
differential equations that B must satisfy
B(x,y)e, = £'(B)(VB x B) . (%)

That is, we must have

dB OB _ dB B

dy 9z Oz Oy

OB 3B _ OB 0B (5)
Sz 3x © dx dz

B(x,y) = £'(8) (32 £ - £ By

—

Excluding the uniform field (B = constant), the first
two equations of (5) imply (using the general form (1)
for‘ﬁ)
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B =B(xy) . (6)
Placing this result back in the third eguation of (5)
we have
?g?é{%,y)) - SE(X’Y) %s(x,y) - gi(x,y) giiz,y) . (7)

Equation (7) is a partial differential equation for B,
which can, in principle, be solved once the field

B(x,y), and the function f(B) is prescribed. The con-
clusion to be drawn from this proof is that we may always
describe any field B(x,y)gZ by the variables a(B), B,

V. This configuration has particular merit for equatorial
trapped particles in models of the magnetosphere

(ie. Hones,15 Mead26).
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We will now prove that it 1s always possible to
select an a', B', for a field of the form B = B(x,y)gé
such that va'.v8' = 0.

To prove this, consider a region of space where
the currents are everywhere perpendicular to the static

magnetic field. We assume

E =0 (1)
B = B(x,y)e, (2)
2 =o (3)
T B =0 (%)
It is always possible to express such a field by an
a, B, V such that”
A = avB (5)
B =va x VB (6)
B = uw : (7)

Here we assume that
Vo VB # O (8)
and will show that for a field of the form (2) we may

always make the point transformation

a' = a'(a,p) (9)

B! = B'(a,B) (10)
V' =V (11)
pto= (12)
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so that the new variables satisfy (6) and (7) with the
a', B', V' replacing a, B, V and further with
va'-vB' = 0 . (13)
By the chain rule for differentiating an implicit

function we have, using (9) and (10)

V! %9— Va + g%— VB (14)

VB! = %SL vVa + %gi v . (15)

Therefore we must find the transformation (9) through

(12) satisfying

wp =0 = 321 2B (oo 4 221 980 jon) 2 (320 287 4 2 900 (et vp)

(16)

and

oat B! oa!'! 9B

vat x VB! = (53 6=~ 3B WWa x VB = Va x VB =B . (17)

A1l we need find is a sufficient set of conditions such

that (16) and (17) are satisfied and our task is completed.
From equation (17) it is clear that we must

demand that the Jacobian of the transformation is unity.

TIe:

al ,p',V! _ da' JB! da' df'
J-{ a,B,v } T da 9B  df oda 1 ° (18)

Also, since Va-Vp # O we may satisfy (16) sufficiently by

demanding
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2w BB R0 09)
and

oa' B! da’ 3B _

S T 0 (20)

We may now treat equations (18) and (20) as two linear
1 1
equations for the partial derivatives %&—-, %%— in terms

oa! oa ' . . s
of Saf-and 3B Using Cramer's Rule and omitting algebra

we obtain

op' _ 1

da T oldal B (21)
B _ 1
36 T 2(3a'/3a) . (22)

therefore
We may now replace (21) and (22) in (19) and ¥ trans-

formation (9), (10) must satisfy the partial differential

equation
%%l |va| + %%i vl =0 . (23)

The solution of (23) for the a'(a,p) may then be put back
into (21) and (22) to find B'(a,B). Therefore we may
always find an a',B',V' describing the field (2) that
also satisfies Va'-Vp' = O.

A simple example will demonstrate the procedure.

Consider the uniform field of unit magnitude.

B =8, : (24)

One description of this field can be found by selecting
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a=x+y (25)
B =y (26)
V =2z (27)
=1 . (28)

(25) through (28) will generate the proper field (24),
satisfy the gauge AB = O, but give Va-v8 # 0. However,
according to (23) the transformation we need to make

va'-VB' = 0 is the solution to

()2 &L, &, (29)

This is a linear, homogenious partial differential
equation of the first order that may be solved by the
method of characteristics to yield the general solution

a' =a'(p + ji;) (30)

where a' is an arbitrary function of its argument. For

simplicity, let us select the solution
a' =B + — . (31)

Returning to (21) and (22) we then find, corresponding
to (31) we have

Bt o= -2 4B 4o (32)

2

Replacing a, B in terms of x,y from (25), (26) we finally

hvlfe;

obtain

at =X+ (14 (33)
J2



A

a',

“

quick check will demonstrate that Va'-vVB' = O and

B! of (33) and (34) will generate the given B

o A
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1/2
2(n-m)! m
[ e 1] Ph(cos@) m >o
P (cos®) =
n,n Pﬁ(cos@) m =0
where Prn n(cos@) are the Schmidt-normalized associated
bl ]

Legendre functions defined in terms of the conventional

Legendre-functions given by

sin™o dn+m£cosge - 1)
2% nt d(cose)®

m
Ph(cos@) =

179
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TABLE IV

1

coso

sind

(1/2)(3cos 0-1)

v/ siné cosé

Q/B/E)singg

(1/2)(5c08°6-3c0s8)

(/6/4)(5sin6 csoge—sing)
(/15/2)sin°6 cos6

(/10/4)s1n”6

(%5/8 )cost 0-(15/4)cos"e+(3/8)
(/10/4)(7siné cos~6-3s1n6 coso)
(/5/4)(7Ts1n°6 cos“6-sin“6)
(/70/%)s1n”6 cosd

g/35/8)sin49

(63/8)cos 8- (35/4)cos 6+(15/8 )cosd
(/15/8) (21s1n6 cos'6-7sin® cos"e + sind)
= (/105/4)(3sin°0cos 0-sin"6 cose)

W/70/16) (9sin3@ cosge—sinze)
180




181.

P

5’4(C059) (§/35/8)Sin49 cos®

P5’5(cos@) = (}/TE716)sin59

6@-(315/16)cos49+(1o5/16)cosee-(1/16)

P6’O(cosQ) = (231/16)cos

P6’l(cosQ) = (/21)((33/8)sine cos59-(15/4)sin9 cos~0
+(5/8)sine cose)

Pe ,(cos6) = (/210)((33/32)sin"0 cos'0-(9/16)sin%e cos?o

+(1/32)sin29)
P 5(cos8) = (/ZT0Y16)(11sin’e cos-6-351n-6 cos0)

Pg y(cose) = Q/7716)(3351n49 COSQQ-BSiHMQ)
Py 5(cose) = (2/I5F/16)sin’0 cose

g/ﬂ%?/zg)sin6e

P6,6(cosé)



TABLE V

v dp _(cose)

m,nl®) = 3@

Yy o(8) = 0

¥, o(8) = -sins

Yl,l(@) = cos®

Yé,o(9> = -3%sin6 cos®

Y, 1(9) - /F(2cos”6-1)

Y2’2(9) =,./35in6 cos6

Y5 o(8) = -(15/2)sing cos=0+(3/2)sind

v, 4 (8) = (5/8/4)cos 6-(5/6/2)sin"6 cos6-(/B/k)cose

Y5 ,(0) =/I5(sine cos°0-(1/2)s1in"0)

Y5 5(0) = (%/T0/%4)sin°6 cosd

Y, (8) = (1/2)(-35sine cos~8+155in6 coso)

Yuzl(e) = Q/T@/4)(7c084 _21sin°e cos29—300329+38in29)

Yy o(8) = (/52f7sing cos~8-Tsin-6cos0-sing cosd)

¥y 5(8) = (/T0/4)(3sin"e cos20-sin"e)

¥, 4 (8) = (/3572 2)(sin-0 coso)

Yo o(8) = -(315/8)sine cos6+(105/4)s1n6 cos 6-(15/8)s1ine

Y. 4(8) = (/TB)(- (21/2)51n°0 cos 0+(21/8)cos e+(7/2)sin"6 cosO

_(7/%)cos 0+(1/8)cos6)

YB’Q(Q) = { 105)(-(9/4)sin39 0052@+(3/2)sin9 cosug +
(1/4)sin’6-(1/2)sin6 cos<o)

Yo 5(8) = (/70) ((27/16)sin%0 cos 6-(3/16)sin"e cose

~®sinte coso)
Yo 4(0) = (/35) ((3/2)sin”e cos“e-(3/8)sin”e)
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Y5, 5(0) =
Y6,O(G) =
Yg 1(0) =

Y6,2(9) =

, 5

0) =

183.

(li/TEVl6)sinu9 cos6

—(693/8)cos5@ sino+(315/4 )cos~0 sin6-(105/8)sin6cos6

(/2—1‘)((33/8)cos69-(165/8)sin2@ cos”@-(15/4)oos”e
+(45/4)51n°0 cos®e+(5/8)cos”6-(5/8)sin"0)
(/210) ((33/16)s1in6 cos6-(33/8)sin 6cos o-
(9/8)sine cos 6+(9/8)sin’6 cose+(1/16)sindcose)
(/ZT0/16) (3351n°6 cos'0-33sin"6 cosSe+3sino-

9sin29 00529)

= /T (-(33/8) sin”0 cos@+(53/ﬂ)51n59 cos o-

(3/4)sin © coso)

= (/154/16)(-3sin @+15$1n49 cos @)

(3/462Y/16) sin59 cos®)
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GAUSSIAN COEFFICIENTS (GEOGRAPHIC)

Tabulation of the Gaussian coefficients for the geomagnetic

field. Taken from Finch and Leaton.7 A geographic

coordinate system is assumed. All coefficients are in

gauss.
Table VI
D m 0 1 2 3 4 5 6
1 | 0.3055| 0.0227 gn
-0.0590 hﬁ

2 0.0152|-0.0303(-0.0158
0.0190}-0.0024

3 -0.0118} 0.0191|-0.0126|-0.0091
0.0045]-0.0029| 0.0009

L -0.0095| -0.0080{-0.0058| 0.0038[-0.0031

-0.0015| 0.0031| 0.0004] 0.0017

5 0.0027]-0.0032|-0.0020] 0.0004| 0.0015} 0.0007
-0.0002{-0.0010f 0.0005} 0.0014}-0.0009

6 -0.0010] -0.0005{-0.0002} 0.0024} 0.0003| -0.0000{0.0011
0.0002|-0.0011| 0.0000| 0.0001] 0.0003]|0.0001
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Tabulation of the Gaussian coefficients for the geomagnetic

field.

Coefficients obtained by a linear transformation

relating the geographic coordinate system to the geomagnetic

coordinate system.

Calculations performed by the author

on the Cornell-Control Data 1604 computer.

The following

coefficients apply in a geomagnetic coordinate system.

A1l coefficients are in gauss.

Table VII
A\ 0 1 2 3 4 5 6
1 0.3120| 0.0000 g'ﬁ
0.0000 h'®
n
2 0.0049|-0.0288| 0.0193
-0.0228(-0.0043
3 1.0.0082| 0.0115| 0.0107 | 0.0057
0.0166|-0.0111 | 0.0055
4 ]-0.0082| 0.0051| 0.0001|-0.0032 | 0.0023
~0.0100] -0.0025 | 0.0006 | 0.0034
5 0.0017|-0.0014 0.0027 |-0.0006| 0.0018 [-0.0001
-0.0030| 0.0006[-0.0012 |-0.0012 |-0.0006
6 |-0.0002| 0.0016] -0.0017 [-0.0007 | 0.0004|-0.0008 |-0.002§
~0.0002] 0.0006{-0.0020| 0.0018|-0.0013 [-0.0030
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MEAD MODEL OF MAGNETOSPHERE

Tabulation of the Gaussian coefficients for Mead model of

the magnetosphere. South magnetic pole points at the

north star, while azimuth is measured positive east of

the sub-solar point. All coefficients are in gauss.

gg = 0.%120
Table VIII
N\ 0 1 2 3 b 5 6
1 0.2511x ‘hm
1077
2 L0, 1240x -
107"
3 0.0072X 0.023%3x
1072 1077
I -0.0240x -0.0016x
10‘6 1076
5 |-0.00574 0.0108x 0.0010%
1077 1071 107/
6 0.0013x -0.0019x -0.0004
10‘8 10‘8 10'8

HONES MAGNETOSPHERIC MODEL

The Hones15 model assumes two dipoles, one 28 times the
strength of the other, placed 28 earth radii apart. The

smaller dipole has the strength of the actual earth dipole.
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The magnetic scalar potential for this field is given by

v(r,e,8) _ (0.3120c0s9) %§-+ 5 28r 275
r T (T°+784-56r sin6cosyd)

where r is in earth radii, YLE?QLgl is in gauss. r, =
e

6317.2 km. © = collatitude, ¢ = azimuth. Again the

magnetic south pole points at the north star and azimuth

is positive east of the sub-solar point.
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Define the function Fﬁ(ag,qz) as

We
we

be

In

1
2 J2\m/2
Fm(aE qg)i‘\/ (a”-& )'1'1/ ag (1)
n ? 2, 2\ ’
0 (a"+€7)
i
é(ag,qg) and Fl(ag,qg), from them

will be able to generate all the functions that will

will first evaluate F

needed. So we have

l -
pl(2 2) _ f (qE_EQ)l/ng _ (qgél)l/g + qgsig L(1/q) ‘

0 Pyel
0 (2)

addition we have

Lo 2010
Fl(a2,q2)= (q '5 ) dﬁ
/

a2+§2

Make the substitution £ = gcos® and this becomes

or

1

Fy

We

T/2

sin29 de
(ag/q2)+cosgg

“1(1/4)

COS

a 8 (af+q*

o]

£ N2
(ag,q2)=cos-1(l/q)+ % ):(a2;q2)1/2 '1J i (az+q2)1/2 can-] a(q Di .

(3)

may then generate the remalining functions
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rl(a2,4)=(1/2) [<q2-1>1/2+q2sin‘1<1/q>] (1)
Fg(a”,q%) = /4 (5)

- T/2 (6)
Fi(a%0)= % [ﬂ——ﬁ/—g —l}

o
v 2 \(r/2)-tan l(az(q q%;]iji} (L 1/2 o)
pa” (a7 +q" )17 a2 (1422 )
Fy(a°,1) = ; 3?1+a2)1/2 (9)
3t (e, >=25%§<Fé<a2 o7))=sin"*(1/a) (10)
Fil(a",1) = /2 (11)




APPENDIX - X

In this appendix we will establish that "B" is
a non-decreasing function along any "a" surface,‘and
therefore an appropriate variable for measuring distance
along the curves which are formed by the intersections
of constant "a" and constant "V" surfaces.

We assume (true for all real magnetic field
models of the earth) that the magnetic field is continuous
and single-valued in all of space, and may be expressed
in the form of II-(16). With the choice of a being some
function of the minimum value of the magnetic field
along a line of force, the surfaces of constant a will
be shells made up of lines of force, concentrically
arranged, about the origin (the earth). The surfaces
of constant V will intersect the surfaces of constant
a along space curves. Fields which display axial
symmetry will have their magnetic fields constant in
magnitude along these curves (see figure 3%6). Since
B is constant along lines of force, it is somewhat
intuitively obvious that its changes in azimuth should
be some measure of the azimuthal angle (see figure 36).

Consider a space curve made up of the intersection

of an arbitrary constant a and constant V surface as

shown in figure 37)the curve need not be planar.
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a=constant
V = constant

figure 38
£y

b  —

_____ b

B, + T — :u 4

: 1
N i
. I
: |
- !
a, a, 2

figure 30
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Two lines of force pass through "i" and "o", respectively,
in the above figure. The values of B on these two lines

of force are BO and P respectively. Starting with BO

C

we may generate all other values of B along this curve

by13 1
B—Bo=f oAy 9% (1)
o
where dx = E_%_Yl dx is the unit length along the curve
formed by constant "V", constant "a". From our assumption

given on previous page)B is positive semi-definite and
continuous, however, "|va|" need not be continuous
although it must be positive semi-definite. This is
demonstrated by the "kink" in the above contour, "b".

At this point the Va changes discontinuously. The
distance "dx" is non-decreasing and it therefore follows,
that "B" must be a monatonically increasing function of
"x" even over discontinuities in the integrand (ie. at b).
This is clear from the fact that the integrand, although
perhaps discontinuous, is always positive semi-definite,
ergo, the integral is non-decreasing. This, however, 1is
not enough if "B" is to qualify as a measure of length.
In fact, it must be the case that B be a "strictly
increasing" function of azimuth. That this is indeed
the case may be shown as follows.

Consider the shaded area between two contours

of constant - V, constant - a (shown in figure 38).
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Assume that the two surfaces bounding the shaded area
have the same value Bl. (The case if B is simply non-
decreasing). B must be constant and equal to Bl

along the entire length a-b and a'-b'. This follows

from the above where we showed that B is a non-decreasing
function of "x". We may now map b'-a'-a-b-b' onto the
a-p plane (see figure 17). The flux linking the hatched
53

area of figure 16 is given by
515: fﬁ-a‘§= J(vﬁ)-ﬁ‘=/7§‘i" (2)
o S S C
R N —_—n
where dS is normal to the hatched area and dl is along
the contour b'-a'-a-b-b'. However, from I-(3) A = avp

so that (2) becomes

@ =faVB-ﬁ=fdd5 (3)

where (3) is no more than the area enclosed by b'-a'-a-b-b!
in the a-pB plane of figure 39. Noting from the figure
that this is zero, we conclude that the arbitrarily
selected hatched area of figure 38 encloses no flux.

Since the real geomagnetic fields we will be treating

have no flux free regions in space, we conclude that

the case arising in figure 38 never occurs and therefore

B is a strictly increasing function indeed. We may

therefore choose B as azimuthal measure of "distance".
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